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We consider risk-neutral firms that must obtain external finance. They have access to
two kinds of stochastic investment opportunities. For one, return realizations are costlessly
observed by all agents. For the other, return realizations are costlessly observed only by the
investing firm. We examine the optimal allocation of investment between the two projects
and the optimal contract used to finance it. The optimal contractual outcome can be supported
by appropriate (and determinate) quantities of debt and equity issues. Investments in projects
with CSV problems are associated loosely with debt. Investments in projects with observable
returns are associated with equity.Journal of Economic LiteratureClassification Numbers:
G21, E51. C© 1999 Academic Press

INTRODUCTION

One of the great successes of modern contract theory is the costly state veri-
fication (CSV) environment, developed originally by Townsend (1979), and sub-
sequently extended by Diamond (1984), Gale and Hellwig (1985), Williamson

1 We thank Elly Verhagen for excellent word processing and editing assistance, Ross Levine for
stimulating our interest in this project, Jason Schmidt for outstanding research assistance, and Sugato
Bhattacharya, Patrick Bolton, Chun Chang, Georges Dionne, Joseph Haubrich, Jack Kareken, Jeff
Lacker, Pascale Viala, Neil Wallace, two anonymous referees, and the participants of seminars at the
1996 Western Finance Association Meetings, the Financial Markets Group at L.S.E., McGill, Miami,
Montreal, Tilberg, Toulouse, Washington University, and the Federal Reserve Banks of Cleveland and
Minneapolis for their extremely helpful comments on an earlier draft of this paper.

270

1042-9573/99 $30.00
Copyright c© 1999 by Academic Press
All rights of reproduction in any form reserved.



DEBT AND EQUITY 271

(1986,1987), and many others. Under the assumptions of risk-neutral agents and
fixed verification costs, this environment delivers standard debt contracts as an
optimal contractual form. In addition, it delivers a well-defined optimal capital
structure for a particular sort of firm. More specifically, internal funds, provided
by an informed entrepreneur, are exchanged for a residual claim, which resembles
“equity.” External funds, provided by lenders who must monitor (at cost) to become
informed, are exchanged for contracts that promise payments which are a piece-
wise linear function of firm performance. These claims resemble “debt.” In this
environment—and in some more complicated ones such as those studied by Boyd
and Prescott (1986), Bernanke and Gertler (1989), or Boyd and Smith (1993)—the
firm is optimally financed with this combination of “debt” and “equity.”

This kind of model, where “equity” is owned entirely by insiders (say man-
agement), and where all external funding takes the form of debt, is a reasonable
description of a very limited class of firms, however—for example sole proprietor-
ships or other small owner-managed firms. Moreover, as discussed by Bernanke
and Gertler (1989), the equity investment decision is rather trivial, since it is always
optimal for firm management to invest its entire wealth endowment in the firm.

This sort of capital structure does not look much like that employed by large
corporations in the United States or most other developed nations. In particular,
major corporations typically have a large class of outside equity investors who are
not necessarily any better informed than are debt-holders. In most cases, there are
also inside owner–managers and directors who hold equity and who, presumably,
are better informed than outsiders.2

In this paper, we attempt to provide a formal analysis of this kind of capital
structure using the same contract-theoretic approach that has proved so successful
in understanding the use of debt contracts. It turns out that it is possible to do
so with only a fairly slight modification of the standard CSV environment. In
particular, instead of presenting entrepreneurs with only a single class of investment
opportunity, we allow entrepreneurs to make use of convex combinations of two
classes of investments. The first is exactly like that available in the standard CSV
setup. Return realizations are costlessly observed only by an entrepreneur, and all
other agents must pay a fixed monitoring cost to become informed about return
realizations. The second (and new) type of stochastic investment opportunity is
one in which return realizations are costlessly observed byall agents. For obvious
reasons, we assume that the expected rate of return on the former exceeds that on
the latter.

This minor modification of the underlying environment results in a considerable
difference in the optimal financial structure of the firm. In order to characterize
it, we begin by solving an optimization problem that determines each firm’s in-
vestment in each type of project (that is, we determine its asset structure), and
that determines the aggregate payments made by the firm as a function of the

2 Large corporations are also likely to have multiple classes of debt securities, but that is not the
focus of this study.
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returns it receives. We then show that an optimal contractual arrangement can be
supported by having the firm issue an appropriately chosen amount of debt (of
the standard CSV variety) and an appropriately chosen quantity of equity which is
sold externally. External equity-holders are true residual claimants, receiving some
(state contingent) fraction of the returns on a firm’s assets—less payments to debt-
holders. In addition, firm managers (entrepreneurs), whose endowment is their
access to investment opportunities, are also residual claimants, being subordinate
(in a sense to be made precise) both to debt-holders and outside equity-holders.
And, as we demonstrate, the claims held by firm management result in a manage-
rial compensation scheme which is easily rendered consistent with several stylized
facts, and which gives management no general incentives to maximize shareholder
value.

What is of greatest interest about this environment, of course, is that it delivers an
optimal mix of debt and equity to be used in obtaining external finance. This optimal
mix of claims depends on several factors, some of which the firm chooses, and
some of which are exogenous to the firm (or the economy). For given parameters,
we show that there is a functional relationship between the firm’s asset structure and
its liability structure. In particular, as the insight provided by the CSV literature
would suggest, the use of investment technologies with unobservable returns is
associated with debt, while the use of investment technologies with observable
returns enables equity finance to be viable. The relationship between the structure
of assets and liabilities validates the ancient belief that certain kinds of investments
are optimally funded using certain kinds of liability issues.

In terms of factors which are exogenous to the firm, we provide conditions under
which the optimal amount of debt finance decreases with monitoring costs. When
these costs are sufficiently high, it may be optimal for firms to be financed entirely
with equity, and indeed it may be infeasible for them to be financed entirely with
debt. We state conditions under which 100% debt finance is infeasible for a firm;
under these conditions a firm which was precluded from issuing liabilities with a
sufficient degree of state contingency would be unable to operate. This provides
an additional sense in which the ability to issue equity—even in potentially small
amounts—can be highly beneficial to a firm.

We also show that factors that are irrelevant to resource allocations arenot
irrelevant to the liability structure of the firm. For example, with risk-neutral agents
all resource allocations depend on the distribution of returns on the observable
return investment technologyonlythrough its mean. However, the debt–equity ratio
depends on the entire distribution of returns on this technology. Thus, for example,
mean-preserving spreads in this distribution are irrelevant to asset allocations but
are far from irrelevant to the composition of firm liabilities. We investigate the
relationship between risk and liability structure in some detail and illustrate by
example the possibility that increasing the risk associated with returns on the
observable return technology (for a constant mean return) increases the ratio of
equity issued to debt.
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As should be apparent from this discussion, the environment we describe violates
the Modigliani–Miller theorem and delivers an optimal debt–equity ratio for each
firm (or for all firms). Why is it useful to firms to issue one particular mix of debt and
equity as opposed to any other? The answer has to do with the nature of investors’
responses to the presence of the CSV problem. By assumption, the observable
return investment technology has a lower expected return, gross of monitoring
costs, than the unobservable return technology does. However, its use permits
firms to reduce verification costs. In particular, payments to equity-holders can be
conditioned on the returns to investments in the observable return technology. In
order to enable the firm to reduce its expected monitoring costs, equity-holders
give up resources when the return on the observable return technology is low. In
exchange, they receive compensating payments when the return on this technology
is high. Moreover, the amount that equity-holders give up (or receive) varies with
the outcome of investments in the observable return technology; on average a lot is
given up when this return is low, and by way of compensation a lot is received when
this return is high. These “transfers” of resources across different return states
permit the firm to optimally “smooth” monitoring costs across states. In effect,
outside equity-holders allow the firm to use the funds they provide as “collateral”
or “internal finance;” the value of both devices in mitigating CSV problems is well
known (Bernanke and Gertler, 1989; Boyd and Smith, 1997,1998a). In this way it
is useful to a firm to have a class of external equity claimants, while it also will wish
to issue some debt for reasons that are familiar from the standard CSV literature.

The analysis we have just described also provides several ingredients for a sequel
(Boyd and Smith, 1998b), which examines the evolution of debt and equity market
activity as an economy moves along a growth path. In particular, the economy
of this paper can be embedded in the neoclassical growth model of Diamond
(1965). Under some assumptions about the form taken by monitoring costs, as an
economy accumulates capital firms will perceive relative costs of monitoring that
change over time. These shifts in perceived (relative) monitoring costs will alter the
equilibrium composition of investment, and the equilibrium debt/equity ratio as
an economy develops. Boyd and Smith (1998b) suggests that the typical expected
pattern of development will be that equity markets become increasingly active as an
economy grows and that the composition of investment will become increasingly
heavily weighted in favor of the observable return technology. Certainly the former
prediction is well supported by observation.

The rest of the study proceeds as follows. Section 1 sets out the model en-
vironment. Section 2 describes the financing of investment and defines funding
contracts. This section also describes the optimal composition of investment. Sec-
tion 3 reviews optimal contracts in the standard CSV environment, and contrasts
them with optimal contracts in our modified environment. It also shows how an
optimal contractual arrangement can be supported by having a firm issue appro-
priately selected amounts of debt and equity. Section 4 provides some numerical
examples indicating how the amount of debt finance (and the debt/equity ratio)
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depend on the cost of monitoring and on the risk associated with the various invest-
ment technologies. Finally, Section 5 summarizes, offers some conclusions, and
relates our results to those obtained in some of the other literature on the optimal
composition of firm financial structure.

1. THE MODEL

We consider a two-period economy. Agents in this economy are divided into
two types, which we term borrowers and lenders. All borrowers (lenders) are
identical, ex ante, and borrowers (lenders) constitute a fractionα ∈ (0, 1) (1−α)
of the population. Lenders are endowed with one unit of a single good in the
first period. Borrowers are endowed with none of this good, but they do own a
firm which is endowed with access to individual-specific, high-return investment
projects, which are described below. All agents, both borrowers and lenders, are
assumed to be risk-neutral, and to care only about second period consumption.3

Investment can occur in the first period using one or more of the following three
technologies. First, there is a commonly available, nonstochastic linear technol-
ogy whereby one unit invested in the first period yieldsr > 0 units of output in
period 2.4 In addition, there are two stochastic linear technologies that convert cur-
rent investment into future output. Technology o (for observable return) produces
y units of output in period 2 per unit invested in period 1, wherey is an iid random
variable which is realized at the beginning of the second period. We assume that
y∈ {y1, y2, . . . , yN}, and we letpn≡ prob(y= yn).5 Obviously 0≤ pn≤ 1 for all
n, and

∑
pn= 1. Finally, we assume that for any investor the return yielded by

investments in technology o is publicly observable (at zero cost).
Technology u (for unobservable return) is assumed to producew units in period 2

per unit invested at the first date.w is assumed to be a continuous, iid random
variable with cdfG and pdfg.6 g is assumed to be continuously differentiable
and to have support [0, ¯w]. In addition, the return on investments in technology u
can be observed (by any agent other than the initiating investor) only by bearing a
fixed cost ofγ >0 units of the current consumption good. Thus a standard costly
state verification (CSV) problem arises for investments in technology u.

3 There is no difficulty created by giving lenders more general utility functions and letting them make
a nontrivial consumption–savings decision. However, this adds to notational requirements without
yielding any additional insights. Thus we retain the simpler specification of the text.

4 Our subsequent assumptions will imply that the supply of savings in this economy exceeds the
quantity of funds that borrowers can absorb. Hence “excess” savings will be invested in this technology.
This set of assumptions fixes the opportunity cost of external funds at r, so that there is no need to
determine a market rate of interest on “deposits.” A similar specification is employed by Bernanke and
Gertler (1989), and for exactly the same reason.

5 Assuming a discrete return distribution associated with this technology results in some technical
simplification of the analysis.

6 Thus, in particular, the returns on the two technologies are independent. We comment below on
how the analysis would be affected by relaxing this independence assumption.
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Only borrowers/firms are endowed with access to the investment technologies o
and u, and ownership of these investment opportunities cannot be traded. In partic-
ular, only the agent who is endowed with a specific project can operate it. Moreover,
as is typical in CSV models (with fixed verification costs), we will impose an upper
bound on the scale at which any firm can operate the investment technologies. Thus
we leti o (i u) be investment in technology o(u) by a representative firm, and we let
i ≡ i o+ i u. Then each firm faces the maximum scale of operation constrainti ≤q,
whereq is an exogenously given parameter. Finally, we also assume thati o≥ 0
andi u≥ 0 must hold. For future reference, we defineθ ≡ i o/ i to be the fraction of
total investment done in technology o by a representative firm. Clearlyθ ∈ [0, 1]
must hold.

In the analysis that follows, we assume that, at the beginning of period 1, each
borrower is endowed with ownership of a single firm, as well as of a single invest-
ment project. We also assume that each borrower can create additional firms (but
notadditional projects) if so desired. However, the creation of each additional firm
results in a fixed costF > 0. The introduction of this cost implies that a project
owner will not choose to create two or more firms, with one operating project o
and being 100% equity-financed and with another operating project u and being
100% debt-financed. For our purposesF can be taken to be arbitrarily small.7

With respect to the investment technologies, defineŷ≡ ∑n pnyn to be the
expected gross return on investments in technology o and

ŵ ≡
∫ w̄

0
wg(w) dw

to be the expected gross return, not inclusive of verification costs, on investments
in technology u. We assume that

ŵ > ŷ > r. (a.1)

Thus the commonly available investment technology is relatively unproductive.
Since borrowers have no wealth endowment, they must obviously rely on external
finance in order to fund their investments. Lenders can either provide this external
finance to borrowers or invest in the inferior, commonly available production
technology, or both. We now describe how this trade occurs.

2. FINANCING OF INVESTMENT

At this point we assume that borrowers obtain external funds by announcing
general contracts specifying how repayments will occur in various contingencies.

7 F represents any costs associated with the process of establishing a new firm. Parenthetically, it
does not affect our results if a borrower also faces a (small) fixed cost in establishing an initial firm.
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These contracts should be regarded as abstract objects; in Section 3 we describe
how equilibrium contracts can be supported through the use of debt and equity
markets. We also assume throughout that borrowers confront no credit rationing,8

or in other words, that the supply of funds by lenders is always at least as great
as the demand for funds by borrowers. The supply of funds by lenders is (1−α),
while the maximum demand for funds by borrowers isαq. Hence we assume that

(1− α) ≥ αq. (a.2)

When (a.2) holds, any marginal savings must be invested in the commonly available
technology, yieldingr units of consumption per unit invested. Thus the opportunity
cost of funds isr , which is a parameter of the economy.

A. Funding Contracts

A funding contract specifies a quantity of resources that will be transferred to
a particular borrower (i ), as well as how these resources will be allocated among
technologies o and u.9 In addition, the contract specifies a set of state contingent
repayments. Since the returny is publicly observable, repayments can always be
made contingent on it. However, since the returnw can only be observed exter-
nally if monitoring (or verification) occurs, repayments can meaningfully be made
contingent onw only if state verification occurs. Hence a contract must specify
a set of statesA(y) ([0, w̄]− A(y)≡ B(y)) in which monitoring will (will not)
occur; this set can obviously be conditioned ony. In monitoring states, repayment
can be made contingent onw. We letR(w, y) be the promised repayment, per unit
borrowed, ifw ∈ A(y). In addition, we letx(y) be the promised repayment, per unit
borrowed, ifw ∈ B(y). Notice that we have restricted attention to nonstochastic
monitoring.10 Furthermore, we assume that the funding contract specifies a set of
agents who are responsible for monitoring (if necessary), so that there is never a
necessity for a duplication of monitoring effort.11

Funding contracts are assumed to be announced by borrowers, and such contracts
are then either accepted or rejected by lenders. In order to avoid rejection, such
contracts must satisfy a set of constraints, which we now describe.

First, contracts must be feasible or, in other words, specify nonnegative con-
sumption levels for borrowers. They must also specify nonnegative repayments.

8 Credit rationing in this context is described by Gale and Hellwig (1985) and Williamson (1986,
1987).

9 Since ŷ> r , a borrower will never invest in the commonly available technology. Also, note that
we are assuming thati andθ are observable objects for external investors.

10 While this is a real restriction, Boyd and Smith (1994a) have shown that—for realistic parameter
values—the utility gains resulting from stochastic monitoring are negligible.

11 For a further discussion of the issue of duplication of monitoring, see Diamond (1984), Boyd and
Prescott (1986), Williamson (1986), or Krasa and Villamil (1992).
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Thus

0≤ R(w, y) ≤ [θy+ (1− θ )w]; w ∈ A(y) (1.a)

0≤ x(y) ≤ inf
w∈B(y)

[θy+ (1− θ )w] (1.b)

must hold. Second, contracts must be incentive compatible, so that borrowers have
an incentive to announce truthfully when a monitoring state has occurred. They
will do so iff repayments are lower in monitoring than in nonmonitoring states.
Therefore the incentive constraint takes the form

R(w, y) ≤ x(y), ∀w ∈ A(y). (2)

Finally, since lenders can always invest in the commonly available technology, the
expected repayment—per unit borrowed—must at least equal the opportunity cost
of fundsr plus monitoring costs (which without loss of generality we assume are
born by lenders).12 Thus contractual repayments must satisfy the expected return
constraint

∑
n

pn

∫
w∈A(yn)

R(w, yn)g(w) dw +
∑

n

pn

∫
w∈B(yn)

x(yn)g(w) dw

 i

− γ
∑

n

pn

∫
w∈A(yn)

g(w) dw ≥ r i . (3)

Borrowers announce funding contract terms to maximize their own expected
utility, subject to the constraints (1)–(3). The expected utility of a borrower, as
a function of contract terms, is simply the expected return on the borrower’s in-
vestments, less the expected repayment implied by the contract. Thus borrowers
choose contract terms to maximize

i

[θ ŷ+ (1− θ )ŵ] −
∑

n

pn

∫
w∈A(yn)

R(w, yn)g(w) dw

−
∑

n

pn

∫
w∈B(yn)

x(yn)g(w) dw


subject to (1)–(3).

12 If external investment is intermediated through banks or mutual funds, or if external investors are
sufficiently well diversified, then these investors will always have sufficient resources to fund state
verification. See footnote 20 below.
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Observing that (3) must hold with equality at an optimum, this problem can be
transformed as follows. Substituting (3)—at equality—into the objective function
yields the alternative maximand

i [θ ŷ+ (1− θ )ŵ − r ] − γ
∑

n

pn

∫
A(yn)

g(w) dw

which the borrower seeks to optimize by choice ofi, θ , andA(yn), subject to (1)
and (2). We now make several observations about the solution to the borrower’s
problem, which are summarized in the following lemma.

LEMMA 1. The solution to the borrower’s problem has

(a) i = q

(b) A(yn)=
[
0, x(yn)−θyn

1−θ
)

and
(c) R(w, yn)= θyn + (1− θ )w;w ∈ A(yn).

The Proof of Lemma 1 appears in Appendix A.13 Lemma 1 asserts that borrowers
always invest up to their maximum scale of operation. This is optimal because
the fixed monitoring cost yields an element of increasing returns. In addition,
they repayx(yn) if it is feasible to do so, in which case no monitoring occurs.
If it is infeasible to repayx(yn) (which occurs iffw ∈ A(yn), as defined in (b)),
then monitoring takes place. Part (c) of the lemma says that if monitoring occurs,
providers of external funding receive the entire net of monitoring cost proceeds
of the borrower’s investments. These features of an optimal contract are part and
parcel of minimizing expected monitoring costs.

In order to further characterize optimal funding contracts, it will be useful to
make the following transformation. Define

zn ≡ {x(yn)− θyn}/(1− θ ); n = 1, . . . , N, (4)

Monitoring occurs, conditional ony= yn, iff w< zn. In addition, define the func-
tion z̄(θ ;ψ) by

z̄(θ ;ψ) ≡ argmax
z

(1− θ )

z∫
0

wg(w) dw + (1− θ )z[1− G(z)] − ψG(z)

 , (5)

whereψ ≡ γ /q is the cost of monitoring, relative to the size of the investment
project. Lemma 1 then implies thatA(yn)= [0, zn) for all n. And, Appendix C
establishes the following result.

13 Parenthetically, it is straightforward but tedious to show thatx(yn)>θyn must hold for alln, so
that A(yn) is well defined.
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LEMMA 2.

(a) The optimal vector(z1, z2, . . . , zN) satisfies zn≤ z̄(θ ;ψ), for all n.
(b) z̄(θ ;ψ)≤ z̄(0;ψ) holds, for all θ . Thus zn≤ z̄(0;ψ) also holds, for all n.

z̄(θ ;ψ) is the critical choice of when to monitor which maximizes a lender’s
expected return, conditional onθ andψ . Lemma 2 asserts that a firm should never
be monitored more often than maximization of lenders’ expected returns requires.

Our strategy will now be to fix a valueθ ∈ [0, 1) arbitrarily, and for that value
of θ to find the optimal values (z1, z2, . . . , zN).14 Having obtained these values as
a function ofθ , we will then turn to the problem of finding the value ofθ that
maximizes the borrower’s expected utility. In doing so we will typically focus on
interior optima, although we will periodically comment on how the analysis would
be affected by relaxing this focus.

In order to pursue this strategy, it will be useful to make assumptions implying
that the borrower’s objective function is concave in, and that the constraint set
is convex with respect to, (z1, z2, . . . , zN), at least over “relevant” values of this
vector. The following assumption implies the satisfaction of both conditions

g′(w) ≥ 0, ∀w ∈ [0, z̄(0;ψ)]. (a.3)

According to standard usages in the CSV literature, a firm withθ = 0 is bankrupt
iff w< z̄(0;ψ). For a symmetric, unimodal return distribution, assumption (a.3)
simply requires that a bankruptcy cannot occur when the firm’s return exceeds the
median return. Thus we do not regard (a.3) as a strong assumption.

Appendix B establishes that the optimal choices (z1, z2, . . . , zN) solve the prob-
lem

maxθ ŷ+ (1− θ )ŵ− r −ψ
∑

n

pnG(zn) (P)

subject to

θ ŷ+ (1− θ )
∑

n

pn

zn∫
0

wg(w) dw + (1− θ )
∑

n

pnzn[1− G(zn)]

−ψ
∑

n

pnG(zn) = r (6)

14 Note that we are implicitly assuming that a solution exists for allθ ∈ [0, 1]. A necessary (but not
sufficient) condition for this to be the case is thatπ [z̄(0;ψ), 0;ψ ]≥ r , where the functionπ is as defined
in Eq. (10) below. If this condition is violated, then the problem (P) below will have no solution if we
setθ “too low.” Our assumptions do imply that this problem always has a solution ifθ is sufficiently
large. For the present we assume that it is feasible to setθ anywhere in the unit interval. We explore—in
the context of some examples—what happens when this is not feasible in Section 4.
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andzn ∈ [0, z̄(0;ψ)], takingθ ∈ [0, 1) as given. Letλ denote the Lagrange multi-
plier associated with the constraint (6). Then, under (a.3), the following conditions
are necessary and sufficient for an interior optimum:15

g(zn)/{(1− θ )[1− G(zn)] − ψg(zn)} = λ; n = 1, . . . , N. (7)

Since (a.3) implies that the left-hand side of (7) is strictly increasing inzn, theN
conditions in (7) imply thatzn is independent ofn or, in other words, that

z1 = z2 = . . . = zN = z(θ ;ψ). (8)

Given the independence of returns on the two technologies, Eq. (8) asserts that the
optimal “smoothing” of monitoring across states involves having the probability
of monitoring be independent of the realization ofy. And, the functionz(θ ;ψ) in
(8) is the common value ofzn, givenθ andψ , that satisfies the expected return
constraint at equality. Thus, in particular,z(θ ;ψ) is implicitly defined by

θ ŷ+ (1− θ )

z(θ ;ψ )∫
0

wg(w) dw + (1− θ )z(θ ;ψ){1− G[z(θ ;ψ)]}

−ψG[z(θ ;ψ)] ≡ r. (9)

If we define the functionπ (z, θ ;ψ) by

π (z, θ ;ψ) ≡ (1− θ )

z∫
0

wg(w) dw + (1− θ )z[1− G(z)] − ψG(z), (10)

then (9) reduces to

π [z(θ ;ψ), θ ;ψ ] = r − θ ŷ. (11)

The functionπ , and the determination ofz(θ ;ψ), are depicted in Fig. 1. As-
sumption (a.3) implies thatπ is concave inz (for “relevant” values ofz, and for
all θ ), and

π1(0, θ ;ψ) > 0 (a.4)

15 If there is no interior optimum, then it is straightforward to show thatzn= z̄(θ ;ψ) holds, for alln.
Also, it is clear from Eq. (7) that we do not need a condition as strong as (a.3) to guarantee that the
optimal choice ofzn is independent ofn. All we need is that the distribution of returnsw displays an
increasing hazard rate that is sufficiently large for large values ofw. Finally, we note that the optimal
choice ofzn will not typically be independent ofn if y andw are not independently distributed.
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FIG. 1. The functionπ .

implies thatπ is increasing atz= 0. Moreover, if Eq. (11) has more than one
solution, then the criterion of minimizing expected monitoring costs dictates that
the smallest solution is the relevant one. Thus (since credit is not rationed),

π1[z(θ ;ψ), θ ;ψ ] > 0 (12)

holds. Evidently,z(θ ;ψ)< z̄(θ ;ψ) is also satisfied at an interior optimum.
It is now possible to describe the borrower’s optimal choice ofθ . Define the

function H (θ ;ψ) by

H (θ ;ψ) ≡ θ ŷ+ (1− θ )ŵ − r − ψG[z(θ ;ψ)].

Then, substituting (8) into the maximand in (P), it is apparent that a borrower will
chooseθ to solve the problem

max
θ∈[0,1]

H (θ ;ψ). (P.1)

The solution to this problem gives the optimal composition of investment for a
representative borrower. This composition is characterized in the next section.
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B. The Optimal Composition of Investment

Prior to describing the borrower’s optimal choice ofθ , it will be useful to make
some observations about the conditions which that choice must satisfy. These
conditions are stated in the following lemmas. (Proofs appear in the Appendix.)

LEMMA 3. θ ≤ r/ŷ< 1 holds.

As shown in Appendix B,z(r/ŷ;ψ)= 0 holds, so whenθ = r/ŷ, no monitoring
costs are incurred. It can therefore never be optimal to setθ > r/ŷ, since this
decreases the expected return on investments [θ ŷ+ (1− θ )ŵ] without reducing
the expected costs of state verification.

Lemma 3 implies thatθ ∈ [0, r/ŷ]. It will now be useful to state conditions
implying the existence of an interior optimum forθ .

LEMMA 4. θ ∈ (0, r/ŷ) holds if

(a) ŷ− ŵ−ψg(0)z1(r/ŷ;ψ)< 0

and

(b) ŷ− ŵ−ψg(z̃)z1(0;ψ)> 0

both hold, wherẽz is defined by16

π (z̃, 0;ψ) ≡ r. (13)

Condition (a) is equivalent to

(ŵ − ŷ)[( ŷ− r )/ŷ− ψg(0)] > ψ ŷg(0). (P.14)

Condition (b) is equivalent to

[ ŷ− r − ψG(z̃)]ψg(z̃) > (ŵ − ŷ)[1− G(z̃)− ψg(z̃)]. (P.15)

Condition (a) asserts thatH (θ ;ψ) is decreasing inθ atθ = r/ŷ, while (b) implies
that the same function is increasing inθ at θ = 0. Loosely speaking, condition
(a) holds if monitoring costs are sufficiently small in a neighborhood ofθ = r/ŷ.
Condition (b) holds if monitoring costs are sufficiently large relative to the expected
return differential (ŵ− ŷ) atθ = 0. When these conditions hold, the maximand in
(P.1) has something like the configuration depicted in Fig. 2 (top), and the optimal
choice ofθ is in the interior of [0, r/ŷ].

16 z̃ is the critical value ofw that triggers monitoring whenθ = 0. As such, it is simply the conventional
gross interest rate associated with a standard debt contract in more typical CSV models (for example
Gale and Hellwig, 1985, and Williamson 1986, 1987).
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FIG. 2. Borrower’s objective functions.

An alternative strategy for guaranteeing the existence of an interior optimum is
to assume thatH (θ ;ψ) is decreasing inθ at θ = r/ŷ and to assume that

H (0;ψ) ≤ H (r/ŷ;ψ). (P.16)

Equation (16) implies that it cannot be optimal to setθ = 0, while (14) again implies
that it cannot be optimal to setθ = r/ŷ. (16) is equivalent to the more primitive
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assumption

r (ŵ − ŷ)/ŷ ≤ ψG(z̃). (16′)

(16) (or (16′)) implies that the functionH has the configuration depicted in Fig. 2
(bottom). We henceforth assume that (14) and either (15) or (16) hold.17 All of our
numerical examples have the configuration represented in Fig. 2 (top).

Under assumptions implying the existence of an interior optimum, the choice of
θ that maximizes the expected utility of a representative borrower—denoted here
by θ∗—satisfies the first order condition

−ψg[z(θ∗;ψ)]z1(θ∗;ψ) = ŵ − ŷ, (17)

where

z1(θ ;ψ) ≡ −{ŷ+ π2[z(θ ;ψ), θ ;ψ ]}/π1[z(θ ;ψ), θ ;ψ ]. (18)

In addition,θ∗ must satisfy the second-order condition

−ψg[z(θ∗;ψ)]z11(θ
∗;ψ)− ψg′[z(θ∗;ψ)][z1(θ∗;ψ)]2 < 0. (19)

The equilibrium choice ofθ∗ is depicted in Fig. 2 (top and bottom). The optimal
choiceθ∗ trades off the higher expected return on investments available from the
use of technologyu with the higher monitoring costs incurred due to the increased
utilization of that technology.

1. The Dependence ofθ∗ on Costs of Monitoring

It will be useful for future reference to know howθ∗ depends on the relative
monitoring cost variableψ ≡ γ /q. Equations (17) and (19) imply the existence of
a functionT such that

θ∗ = T(ψ). (20)

We now state

LEMMA 5. (a)Suppose that

z1(θ∗;ψ)+ ψz12(θ
∗;ψ)+ ψ{g′[z(θ∗;ψ)]/g[z(θ∗;ψ)]}z1(θ∗;ψ)z2(θ∗;ψ) < 0.

(21)

Then T′(ψ)> 0.

17 The consequences of relaxing (15) or (16) are discussed in Section 4.
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(b) Equation(21)holds if z12(θ∗;ψ)≤ 0. A sufficient condition for this is that

(ŵ − ŷ){[( ŷ− r )/ŷ] − ψg[z(θ∗;ψ)]} ≥ ψ/4.18 (22)

The proof of Lemma 5 appears in Appendix F. Lemma 5 describes conditions
under which T ′(ψ)> 0 or, in other words, under which an increase in the relative
cost of state verification leads to heavier use of the investment technology with an
observable return. Equation (22)—which we emphasize is merely a weak sufficient
condition forT ′(ψ)> 0 to hold—obtains if the return differential on technologies u
and o (ŵ− ŷ) is sufficiently large relative to the marginal expected monitoring cost
ψg[z(θ∗;ψ)]. Certainly it is intuitively plausible that as state verification becomes
more expensive, investors should optimally make greater use of the investment
technology that does not require state verification. And, indeed, this is a feature of
all of our numerical examples.19

3. EXTERNAL FINANCING THROUGH DEBT AND EQUITY ISSUES

In this section we show how a borrower can implement the optimal funding
contract described in Section 2 through the issuance of debt and equity. We also
show how the debt–equity ratio of an individual borrower is related to the asset side
of the borrower’s balance sheet. In particular, the debt–equity ratio of any borrower
will be related to the composition of that borrower’s investments in technologies
o and u in a manner we now describe.

Before doing so, we begin with a discussion of standard debt contracts in CSV
models in order to motivate our interpretation of borrowers’ external financing.

A. Standard Debt Contracts

The environment we consider differs from the more typical CSV models of
Gale and Hellwig (1985) and Williamson (1986, 1987) in only one respect. In those
models, borrowers have access to only a single investment technology (technology
u). In our context, this could be interpreted as constrainingθ to be identically zero
at each date. Thenz= z(0;ψ)= z̃ would hold, and from Eq. (4), so wouldx= z̃.
Hence contracts between borrowers and lenders will specify a fixed repayment (x)
if this is feasible. If it is infeasible to make this fixed repayment, lenders verify the
project return and retain the entire proceeds of the project net of monitoring cost.
x is often interpreted as a gross interest rate, and a failure to repay principal plus
interest is often interpreted as bankruptcy. Under this interpretation, the optimal
funding contract is associated with a “standard debt contract,” and if this contract

18 Note the relative similarity of conditions (14) and (22). Both assert that the return differential
ŵ− ŷ must be sufficiently large relative to the marginal expected monitoring cost. Of course (14) and
(22) evaluate this marginal cost at different values ofθ .

19 For noninterior optima, it is straightforward to show thatT ′(ψ)≥ 0 necessarily holds.
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requires investments by more than one lender, it is typical to think of lending as
being intermediated in order to avoid duplication of monitoring effort (Diamond,
1984; Williamson, 1986).

When investors have access to two technologies, we think that the interpretation
just given extends naturally to interpreting an optimal funding contract as involving
the issue of debt and equity. In particular, applying conventional terminology from
the CSV literature, define debt to be a liability with the following properties. Debt
either pays a return which is not contingent on firm performance or, if a fixed
obligation is not met, debt-holders monitor the firm and retain the entire proceeds
of the firm’s investments (net of monitoring cost). Of course firm debt may be held
by a bank—as in Diamond (1984) and Williamson (1986)—to avoid duplication
of monitoring activity by debt-holders.

This (standard) definition of debt, along with the optimal repayment schedules
derived above, implies that each firm has a class of external residual claimants.
The claim they hold resembles conventional equity. In particular, if firm profits
are too low to fully honor the firm’s debt obligations, then equity-holders receive
nothing. On the other hand, when all debt claims are honored, external equity-
holders receive a payment based on firm performance. The connection between
firm performance and payments to this class of claimant validates the interpretation
of these claims as equity.

Under these definitions of debt and equity, the debt–equity ratio of an individual
firm (borrower) is uniquely determined. We now describe how the composition of
firm liabilities is determined.

B. Debt and Equity Issues

Recall that an optimal funding contract calls for a (per unit borrowed) repayment
of x(y) if the return on investments in technology o isy and if state verification
doesnotoccur. Then from Eq. (4),

x(y) = (1− θ∗)z(θ∗;ψ)+ θ∗y (23)

in nonmonitoring states. Notice that this promised repayment is the sum of two
terms; one [(1− θ∗)z(θ∗;ψ)] which is not contingent in any way on firm perfor-
mance, and one (θ∗y) which depends on that component of firm performance (y)
which is observable in a nonmonitoring state. The definition of a standard debt
contract directs us to term the first component “payments to debt-holders” (per
unit borrowed) in nonmonitoring states, while the second component is payments
to external equity-holders in such states.20 When each of these payments is made
by the firm, all additional firm output is retained by the insider owner/managers.

20 If y andw are not independently distributed, it will still be the case that the firm repayment function
consists of a constant component and a component that depends ony in nonmonitoring states. Thus the
firm’s liabilities can still be decomposed into a combination of debt and equity. However, the optimal
repayment schedule will not be linear iny, as in Eq. (23).
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Now suppose that the return on the firm’s investment in technologyu isw ∈ A(y).
We must then describe how monitoring occurs. Following the definition of a stan-
dard debt contract, debt-holders are “paid first.” If it is infeasible to make total
payments to debt-holders ofq(1− θ∗)z(θ∗;ψ), then the owners of this debt (the
“owners” may be a bank, as described by Williamson, 1986) monitor and become
residual claimants on investment returns. Monitoring effort is not duplicated.

If the returns on investments are large enough to repayq(1− θ∗)z(θ∗;ψ), but are
not large enough to repayqx(y), then debt-holders are fully repaid while equity-
holders receive less thanqθ∗y. Since an optimal funding contract stipulates that
monitoring must occur, and since debt-holders are fully repaid, this monitoring
must be performed by the firm’s equity-holders. Equity- holders therefore verify
the return on investments in technology u, and they retain all firm income (net of
monitoring costs), less payments to debt-holders. We assume that equity-holders
can coordinate their monitoring activity, again avoiding duplication of monitoring
effort.21

This situation is depicted in Fig. 3 for a particular fixed value ofy. Given the
repayment schedule specified in part (c) of Lemma 1, it is infeasible to pay debt-
holdersq(1− θ∗)z(θ∗;ψ) iff

w ≤ z(θ∗;ψ)− [θ∗/(1− θ∗)]y. (24)

Define the functionJ(θ, y;ψ) by

J(θ, y;ψ) ≡ max{0, z(θ ;ψ)− [θ/(1− θ )]y}. (25)

Then debt-holders are responsible for monitoring ifw ∈ [0, J(θ∗, y;ψ)); in this
region equity-holders receive no repayments. Ifw ∈ [ J(θ∗, y;ψ), z(θ∗;ψ)), then
equity-holders are responsible for monitoring, and the aggregate payment they
receive is simply proportional to the vertical distance between the solid total re-
payment schedule, and the horizontal line (1− θ∗)z(θ∗;ψ) in the figure. Notice
that, for a fixed value ofy, equity resembles a type of subordinated debt. However,
wheny varies, so does the contingent payment to equity-holders in nonmonitoring
states.

21 For instance, it may be possible for equity-holders to file a class-action suit against the firm,
so that monitoring costs are only incurred once. Alternatively, we could think of equity as being
owned indirectly through a mutual fund, which conducts monitoring activities on behalf of its own
shareholders. Or, the same end result could be obtained by assuming that monitoring outcomes are
publicly observable, and that monitoring costs are shared among a large number of equity investors.
Parenthetically, it is necessary that equity ownership be arranged so that equity owners always have
enough income to cover their obligations with respect to monitoring costs. This can be ensured either
by assuming that equity-holders are perfectly diversified or by assuming that equity ownership is
intermediated, say through a mutual fund. Both arrangements are consistent with the equilibrium we
describe.
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FIG. 3. Payments to debt and equity holders (y fixed).

This interpretation of monitoring, and of which agents perform it, is inconsis-
tent with the terminology employed in the existing literature in one significant
way. Specifically, equity-holders cannot literally be construed as forcing firms
into bankruptcy proceedings, and therefore we can no longer refer to all states in
which monitoring occurs as “bankruptcy states.” Nonetheless, the interpretation
that some monitoring is done by outside equity-holders does reflect what is ob-
served in practice when firms experience low profits, but are still able to cover
their payments to debt-holders. Under these circumstances there is likely to be a
conflict between the outside equity-holders and the inside owner-managers. Out-
side equity-holders cannot force bankruptcy, but they can undertake a variety of
costly actions against management which, among other things, have the effect of
uncovering information about the firm. Such actions include the hiring of out-
side auditors, various attempts to force changes in firm policies, or even attempts
to replace the incumbent management. These kinds of actions may be channeled
through the board of directors, or even through formal class action suits, and hence
are coordinated among external equity-holders. In the model, of course, all of these
activities are represented by costly monitoring.
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Parenthetically, the fact that equity-holders (in the aggregate) receive payments
of qθ∗y in nonmonitoring states may suggest that equity-holders receive a claim
against only a subset of the firm’s assets. This is, in fact, not the case, since in moni-
toring states payments to equity holders equalq{θ y+ (1− θ )w− (1− θ )z(θ ;ψ)−
ψ} wheneverw> J(θ, y;ψ). Clearly, then, equity-holders have a claim against
the complete set of returns on firm investments. Payments to equity-holders, how-
ever, can (at most) be conditioned ony in nonmonitoring states, since that is the
only aspect of firm performance that is observable to them in such states.

1. The Volume of Debt and Equity Issued

Let d denote the value of the debt issued by a representative firm, and lete be
the value of the external equity that the firm sells. In this section we demonstrate
that bothd ande are continuous functions ofθandψ , and hence that for a fixed
value ofψ , there is a continuous relationship between the composition of a firm’s
assets and of its liabilities. We begin by discussing howd ande are determined.

d ande must satisfy two conditions. First, the firm must raise enough external
financing to fund its investments, so that

d + e= q (26)

must hold. Second, given the way that the responsibilities for monitoring are
allocated among debt-holders and equity-holders, and given the allocation of state-
contingent payments to each group, debt-holders and equity-holders must each
receive an expected return ofr . Thus, for example, expected payments to equity-
holders, net of monitoring costs, must equaler.

We now describe how much equity (and, by implication, how much debt) a
firm will issue for each possible value ofθ ∈ [0, r/ŷ]. Under our interpretation of
payments to debt and equity in nonmonitoring states, debt-holders are promised a
payment of (1− θ )z(θ ;ψ) in such states, while equity-holders are promisedθ y.

Suppose first thatw ∈ [0, J(θ, y;ψ)). Then debt-holders are responsible for
monitoring, and equity-holders receive no payments. However, whenw ∈
[ J(θ, y;ψ), z(θ ;ψ)), equity-holders are responsible for monitoring and they re-
ceive the entire net-of-monitoring-cost proceeds of the firm’s investments, less
payments to debt-holders. Thus, in these states, the total payment to equity-
holders, net of monitoring costs, isq{θ y+ (1− θ )w− (1− θ )z(θ ;ψ)−ψ}. (No-
tice that this payment represents, in effect, a liquidating dividend.) The proba-
bility of this contingency occurring, conditional ony= yn, is of course simply
G[z(θ ;ψ)]−G[ J(θ, yn;ψ)]. Finally, if w≥ z(θ ;ψ), which occurs with probabil-
ity 1−G[z(θ ;ψ)], no monitoring occurs, and total payments to equity-holders in
statey areqθ y. Thus equity-holders earn an expected return ofr iff e satisfies22

22 If the expected return on equity isr , the expected return constraint (11) implies that the expected
return on debt is alsor , since (11) guarantees that all external funds earn that return in the aggregate.



290 BOYD AND SMITH

re/q = θ ŷ{1− G[z(θ ;ψ)]}

+
∑

n

pn

z(θ ;ψ)∫
J(θ,yn;ψ)

[θ yn + (1− θ )w − (1− θ )z(θ ;ψ)]g(w) dw

−
∑

n

pnψ{G[z(θ ;ψ)] − G[ J(θ, yn;ψ)]}. (27)

Equations (26) and (27) determine the amount of debt and equity issued by any
firm as a function of its choice ofθ . It is straightforward to show that, for all
θ ∈ [0, r/ŷ], e/q∈ [0, 1].

We now establish how the quantity of external equity issued by a representative
firm is related to its choice ofθ .

PROPOSITION1. (a)e satisfies

e= (q/r )

{
r −

∑
n

pn(1− θ )[z(θ ;ψ)− J(θ, yn;ψ)]

−
∑

n

pnπ [ J(θ, yn;ψ), θ ;ψ ]

}
≡ E(θ ;ψ). (28)

(b) The function E is differentiable at(θ ;ψ) iff z(θ ;ψ)[(1− θ )/θ ] 6= yn for any
n.

(c) E is differentiable at(θ, ψ) if θ is sufficiently near zero or sufficiently near
r/ŷ. For θ near zero or r/ŷ, E1(θ ;ψ)> 0.

(d) E(0;ψ)= 0. E(r/ŷ;ψ)=q.
(e) Suppose z1(θ ;ψ)≤ 0 holds. Then if E is differentiable at(θ, ψ),

E1(θ ;ψ)> 0 holds if

π1[z(θ ;ψ), θ ;ψ ]≥ θ (1− θ ){1− G[ J(θ, yn;ψ)]} (29)

is satisfied for all n such that J(θ, yn;ψ)> 0. A sufficient condition for(29) is

π1[z(θ ;ψ), θ ;ψ ]≥ 0.25. (30)

(f ) Suppose E(θ ;ψ) is differentiable at(θ, ψ). Then E2(θ ;ψ)≤ 0.

The proof of Proposition 1 is given in the Appendix.
Proposition 1 demonstrates that, from the standpoint of an individual borrower,

the choice ofθ is equivalent to the choice of how much equity to issue. Equity issues
vary continuously withθ , and Proposition 1 describes conditions under which they
vary monotonically withθ as well. The conditions stated in Proposition 1 are also
merely sufficiency conditions fore andθ to be monotonically related, and they
are generally much stronger than what would be needed for such a relationship.
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Thus we conjecture that a monotonic relationship betweene andθ will typically
be observed, and this is certainly the case in the examples we examine in Section 4.

An additional point that is worthy of note emerges from an examination of
Eq. (28). In particular, the debt–equity ratio of any firm depends not just on the
mean returns on technologies o and u; it depends on the entire distribution ofy.
Thus aspects of return distributions that are irrelevant to resource allocations (the
allocation of investment depends on ˆw and ŷ alone) will affect the firm’s equilib-
rium capital structure. The issue of how the distribution of returns on technology o
affects the optimal debt–equity ratio is in general not straightforward. We illustrate
this point by example in Section 4.

To summarize, here the use of technology u is associated with debt financing, as
in the standard CSV literature, while the use of technology o allows equity finance
to be viable, since it does not require state verification. Thus the more heavily firms
invest in technology o, the more equity they will issue.

2. Debt and Equity Issues in Equilibrium

In equilibrium, the amount of equity issued by a firm is given by

E(θ∗;ψ)≡ E[T(ψ);ψ ]≡ Ẽ(ψ). (31)

If E is differentiable at (θ∗, ψ), thenẼ is differentiable atψ , and

Ẽ′(ψ)= E1(θ∗;ψ)T ′(ψ)+ E2(θ∗;ψ). (32)

If E1(θ∗;ψ)> 0 andT ′(ψ)> 0 both hold, then how the quantity of equity issued
varies with monitoring costs will generally be ambiguous. In Section 4 we explore
via example how̃E(ψ) varies withψ . Our examples indicate that higher monitoring
costs will typically lead to the increased use of equity finance, so thatẼ is an
increasing function.

3. The Claims of “Insiders”

In order to complete our discussion of claims against firm income, it remains
to discuss the payments received by the entrepreneur operating a particular firm.
Note that these payments differ from payments received by external equity-holders
in two ways: (a) ifw /∈ A(yn), then entrepreneurial compensation depends onw

alone, whereas the payments to outside equity-holders depend ony alone, and
(b) if w ∈ [ J(θ, y;ψ), z(θ ;ψ)), then external equity-holders receive some pay-
ment, while the manager of the firm receives no payment. As this discussion in-
dicates, the interests of “management” are not typically aligned with the interests
of external equity-holders. Hence there is no reason to expect that entrepreneurial
decisions will typically lead to a maximization of shareholder value.

In addition, if the right to returns on investments in projectu—in excess of claims
by outsiders—is interpreted as managerial equity, then we have the following result.
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Whenθ∗ is relatively large, “management” will own a relatively small fraction of
total equity—a result consistent with the empirical observations of Jensen and
Murphy (1990) or Mikkelsonet al. (1997). Nonetheless, managerial income from
equity ownership is still large relative to other forms of managerial compensation
(which here are nonexistent). This is consistent with the findings of Jensen and
Murphy (1990). Thus our model seems to be capable of confronting these broad-
brush features of managerial compensation.

4. Extensions

One obvious question raised by this analysis is as follows: how would our
characterization of firm finance be altered if the firm were an ongoing concern?
Or, more specifically, suppose that firm investments generate revenues over a
span ofT > 1 periods, so that the firm must be engaged in a repeated sequence
of interactions with agents providing external finance. What would an optimal
contractual arrangement then look like?

This question is an intrinsically difficult one. The decision to monitor or not
monitor unobservable investment returns in any period introduces a nonconvexity
that is not easily dealt with.23 However, based in part on results in Smith and
Wang (1998), it is possible to offer some conjectures. First, in any period where
monitoring does not occur, payments to external investors will have a constant
component, and a component that depends ony (and possibly the past history
of firm performance). Thus there will be an interpretation that external finance
consists of a combination of debt and equity. Second, the claims of outsiders on
the observable component of returns may vary over time. This could be viewed as
asserting that firm management is given some discretion to vary dividend payments
with the history of firm performance. However, changes in dividend payments will
be related to future claims to income streams of external debt and equity-holders.
Third, in some periods where firm returns are low, agents providing external finance
may offer an additional infusion of funds, rather than monitor unobservable returns.
Thus the composition of external debt and equity need not be constant over time.
However, fourth—and probably most importantly—if monitoring costs are not too
large, the optimal contract will just be a sequence of one-period contracts. Hence,
for monitoring costs that are not too large, we would expect all of our results to
survive intact in a setting where the firm is an ongoing concern.

4. Some Examples

In this section we produce a class of numerical examples illustrating the re-
sults discussed in Sections 2 and 3. The examples are all based on the following

23 One can randomize the decision to monitor, thereby eliminating the nonconvexity. But, ifT is
finite, this will imply that the optimal contracts entered into by firms bear no relation to any observed
real world contracts. See Boyd and Smith (1994) for a discussion of what optimal contracts might look
like in the terminal period if random monitoring is introduced.
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FIG. 4. Triangular distribution.

triangular distribution forw:

g(w)=
{
ζw; 0 ≤ w ≤ w̄/2,
ζ (w̄ − w); w̄/2≤ w ≤ w̄. (33)

In addition, we setζ ≡ 4/w̄2, so thatG(w̄)= 1. For this distribution, ˆw= w̄/2.
The density function described in Eq. (33) is depicted in Fig. 4. We have opted

to use a triangular distribution forw because it represents a simple (and tractable),
piecewise linear, symmetric distribution forw which places relatively little weight
in the tails of the distribution. It seems apparent that this is an empirically more
interesting distribution of returns to use in generating examples than, say, the even
simpler uniform distribution.

The specification in (33), of course, violates one of our maintained assumptions:
thatg is everywhere differentiable. In addition, it is necessary to describe conditions
that must be satisfied by parameter values in order to guarantee that assumption
(a.3) is satisfied. Clearly, satisfaction of (a.3) requires that

z̄(0;ψ) < w̄/2. (34)

If (34) is satisfied, theng′ exists for all “relevant” values ofw, so that this class of
examples satisfies our assumptions “where they matter.”
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We now establish when (34) holds.

PROPOSITION2. Equation(34) (and hence assumption(a.3)) is satisfied iff
ψ >w̄/4.

Proposition 2 is proved in the Appendix. It asserts that (34) is satisfied iff
monitoring costs are sufficiently large.

For this class of examples, and forw≤ w̄/2,G(w)= (ζ/2)w2 holds. In addition,
if (34) holds,

π (z, θ ;ψ) = (1− θ )z− (1− θ )(ζ/6)z3− ψ(ζ/2)z2. (35)

Equations (11) and (35) implicitly define the functionz(θ ;ψ), which is of course
the smallest nonnegative solution to (11) when (35) is used. Moreover, from (35)
and the first order condition (17), it is possible to obtainz(θ∗;ψ) andθ∗ for each
combination of parameter values ( ˆw, ŷ, r, ψ), while E(θ∗;ψ) is then given by
Proposition 1 once a distribution fory is specified. As we have noted previously,
z(θ∗;ψ) andθ∗ depend on the distribution ofy only through its mean (̂y), but
E(θ∗;ψ) depends on the entire distribution ofy. Thus, changes in the distribu-
tion of y, such as mean-preserving spreads, that leaveŷ unaltered may affect the
composition of firm liabilities without affecting the composition of the firm’s in-
vestment activities. This can occur because such changes redistribute the allocation
of monitoring responsibilities between debt- and equity-holders, and the amount
of debt and equity issued must respond accordingly.

EXAMPLE 1. For our first set of examples we selected the following parameter
values:ŵ= 1.6 (=w̄/2), r = 0.6, y1= 0.01, y2= 2.79, andp1= p2= 0.5 (so that
ŷ= 1.4). In addition,ψ was allowed to vary from 0.81 to 1.03. These parameter
values were chosen to satisfy Eqs. (14) and (15) andψ >w̄/4. In addition, for
these parameters, it is feasible to setθ anywhere in the unit interval. Finally, these
parameter values were selected because they deliver the result that anywhere from
54 to 73% of external funding is raised by issuing equity (depending on the value of
ψ). This is similar in magnitude to the percentage of external funds raised through
equity issues by a wide variety of large U.S. corporations.

Table 1 reports the equilibrium values ofθ∗, z∗ ≡ z(θ∗;ψ), andE(θ∗;ψ) corre-
sponding to each value ofψ . Also, for comparison, we report the valuez̃= z(0;ψ),
which is the value ofz (in effect, the gross rate of interest) that would have to be
chosen ifθ were constrained to be zero (or if there were only one investment
opportunity available, as in the standard CSV literature).

As is apparent from Table 1, for these parameter values,z̃ is substantially larger
than z∗, indicating that the use of technology o allows a significant reduction
in monitoring costs. This reduction in monitoring costs results in a very large
welfare gain for borrowers; indeed it is easy to compute thatH (0; 0.81)= 0.845
while H (θ∗; 0.81)= 1.529. Thus forψ =0.81, optimal use of the observable return
investment technology allows for a utility increase of almost 81% over what could
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TABLE 1
Solutions for Example 1

ψ z̃ z∗ θ∗ e/q

0.81 0.700 0.383 0.239 0.536
0.83 0.703 0.363 0.252 0.567
0.85 0.706 0.345 0.262 0.593
0.87 0.708 0.330 0.271 0.616
0.89 0.711 0.316 0.279 0.636
0.91 0.715 0.304 0.286 0.653
0.93 0.718 0.292 0.293 0.669
0.95 0.721 0.282 0.299 0.683
0.97 0.724 0.273 0.304 0.696
0.99 0.727 0.264 0.309 0.708
1.01 0.731 0.256 0.313 0.718
1.03 0.734 0.248 0.317 0.728

Note. Other parameter values are: ˆw= 1.6, r = 0.6, y1=
0.01, y2= 2.79, soŷ= 1.4, andp1= p2= 0.5.

be obtained if only technology u were available. (Forψ = 1.03, the comparable
increase in borrower expected utility is 84%.)

As is also clear from Table 1, for this example increases inψ lead to significant
increases inθ∗. Thus, as is intuitively plausible, increases in monitoring costs lead
to increased use of the observable return investment technology. Moreover, here a
monotonic association betweene/q andθ is apparent. In particular, increases in
ψ with θ held fixed would lead to a decline ine/q (as suggested by Proposition 1).
However, increases inθ∗ raise the amount of equity finance here, and they do so
sufficiently strongly so thate/q= Ẽ(ψ) is increasing inψ .

It is also interesting to note thatz̃ is increasing inψ . This result is to be expected,
sincez2(θ ;ψ)> 0 (and hencez2(0;ψ)> 0) holds. In particular, whenθ is held
fixed, an increase inψ requires thatz be increased to satisfy the expected return
constraint. Thus, as in the standard CSV literature, withθ held constant an increase
in monitoring costs requires that the probability of monitoring—G[z(θ ;ψ)]—
increases as well.

As Table 1 indicates, this result can be overturned when firms are allowed to
alter their asset structures. More specifically, increases inψ uniformly result in
reductions inz∗ for this example. Thus as monitoring costs increase here, the
probability of monitoring—G[z(θ∗;ψ)]—actually declines. This illustrates the
significance of allowing firms to adjust their investments, and demonstrates (for
this example) just how powerful an instrumentθ can be for the firm.

Finally, as we have noted, increases inψ in Table 1 raise (quite substantially) the
fraction of external funding obtained through issuing equity. This reflects the fact
that equity issues provide the same kinds of advantages as collateral or internal
finance. It is certainly intuitive that these advantages increase—and hence are
relied upon more heavily—as monitoring costs rise, and the CSV problem becomes
correspondingly more severe.
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TABLE 2
Solutions for Example 2

p1 p2 y1 y2 e/q

0.700 0.3000 1.4000 1.4000 0.5755
0.7000 0.3000 1.3300 1.5633 0.5755
0.7000 0.3000 1.2600 1.7267 0.5755
0.7000 0.3000 1.1900 1.8900 0.5755
0.7000 0.3000 1.1200 2.0533 0.5755
0.7000 0.3000 1.0500 2.2167 0.5755
0.7000 0.3000 0.9800 2.3800 0.5755
0.7000 0.3000 0.9100 2.5433 0.5756
0.7000 0.3000 0.8400 2.7067 0.5759
0.7000 0.3000 0.7700 2.8700 0.5765
0.7000 0.3000 0.7000 3.0333 0.5774
0.7000 0.3000 0.6300 3.1967 0.5785
0.7000 0.3000 0.5600 3.3600 0.5798
0.7000 0.3000 0.4900 3.5233 0.5815
0.7000 0.3000 0.4200 3.6867 0.5834
0.7000 0.3000 0.3500 3.8500 0.5856
0.7000 0.3000 0.2800 4.0133 0.5880
0.7000 0.3000 0.2100 4.1767 0.5908
0.7000 0.3000 0.1400 4.3400 0.5939
0.7000 0.3000 0.0700 4.5033 0.5972

EXAMPLE 2. For this example we set ˆw= 1.6, r = 0.6, and ŷ= 1.4, as in
Example 1. In addition, we setψ = 0.85, so that our parameter values again satisfy
(14), (15), and the condition of Proposition 2. Here we explore the consequences of
allowing y1 andy2 to vary in a mean-preserving spread, withp1 andp2 fixed, and
we also examine the consequences of changingp1 and p2 along withy1 andy2.

Table 2 reports the equilibrium value ofe/q, for various values ofy1 and y2,
when p1= 0.7 and p2= 0.3. (θ∗ andz∗ continue to be as reported in Table 1.)
Wheny1= y2= ŷ, 57.55% of external finance is raised by issuing equity. Asy1

is reduced (andy2 is increased), the percentage of external finance raised by issuing
equity rises (weakly) monotonically, and wheny1= 0.07 (withy2= 4.5033), e/q=
0.5972.

Table 3 repeats this experiment, but withp1= 0.95 andp2= 0.05. Evidently,
when y1= y2 this makes no difference to the amount of equity issued. As be-
fore, wheny1 is reduced (y2 is increased), the percentage of equity issued rises
monotonically, reaching a value of 60.5% wheny1= 0.07.

Why does the percentage of external finance raised through equity issues behave
in the manner displayed in Tables 2 and 3? It is easy to show that, fory1≥ 0.9718,
equity-holders performall of the monitoring that occurs for these parameter values.
Thus, asy1 varies between 0.98 and 1.4,e/q does not vary, as both the expected
monitoring costs borne and the expected payments received by equity-holders are
independent ofy1 andy2.
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TABLE 3
Solutions for Example 2

p1 p2 y1 y2 e/q

0.9500 0.0500 1.4000 1.4000 0.5755
0.9500 0.0500 1.3300 2.7300 0.5755
0.9500 0.0500 1.2600 4.0600 0.5755
0.9500 0.0500 1.1900 5.3900 0.5755
0.9500 0.0500 1.1200 6.7200 0.5755
0.9500 0.0500 1.0500 8.0500 0.5755
0.9500 0.0500 0.9800 9.3800 0.5755
0.9500 0.0500 0.9100 10.7100 0.5756
0.9500 0.0500 0.8400 12.0400 0.5761
0.9500 0.0500 0.7700 13.3700 0.5769
0.9500 0.0500 0.7000 14.7000 0.5780
0.9500 0.0500 0.6300 16.0300 0.5795
0.9500 0.0500 0.5600 17.3600 0.5814
0.9500 0.0500 0.4900 18.6900 0.5836
0.9500 0.0500 0.4200 20.0200 0.5862
0.9500 0.0500 0.3500 21.3500 0.5892
0.9500 0.0500 0.2800 22.6800 0.5925
0.9500 0.0500 0.2100 24.0100 0.5963
0.9500 0.0500 0.1400 25.3400 0.6004
0.9500 0.0500 0.0700 26.6700 0.6050

Note.In Tables 2 and 3 other parameter values are ˆw = 1.6, r = 0.6,
ŷ = 1.4, andψ = 0.85.

Oncey1< 0.9718 holds, debt-holders become responsible for some monitoring
wheny= y1, and they become responsible for monitoring with higher probability
as y1 falls. Thus equity-holders shed monitoring responsibility asy1 is reduced,
but they also lose payments for the states in which they do not monitor. In both
Tables 2 and 3 the former effect is dominated by the latter. Therefore, ife/q were
not increased (equity-holders did not receive a greater claim on project returns),
equity-holders would receive an expected return of less thanr .

Relative to Table 2, this effect is more powerful in Table 3 because the probability
that y= y1 is larger. Hence, for eachy1< 0.9718, e/q is larger in Table 3 than in
Table 2.

Clearly, spreadingy1 andy2—with p1 and p2 fixed—increases the variance of
investment returns. Ify1 andy2 are not too far apart (here ify1≥ 0.9718), equity-
holders will appear to be risk-neutral, as they in fact are. Increasing the variance
of investment returns does not require that any actions be taken to compensate
equity-holders for the increased risk they face. But, oncey1 andy2 are far enough
apart, increasing the variance of investment returns does require equity-holders to
be compensated, so they will appear to behave in a risk-averse manner. Thus, to
an external observer who does not take account of the distribution of monitoring
costs, the risk aversion of equity-holders will appear to depend on the amount of
risk they face.
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In comparing Tables 2 and 3, in each row of Table 3 we increasep1, reduce
p2, and raisey2 to keepŷ fixed. It is easy to show that this increases the variance
of project returns. As before, withy1< 0.9718, this increase in the variance of
project returns requires equity-holders to be compensated with a greater claim on
overall project returns.

Our next two examples are designed to explore numerically an issue that is
relatively difficult to explore theoretically: what happens if it is not feasible for the
firm to setθ “too low?”24 In particular, we now consider the possibility that

π [z̄(0;ψ), 0;ψ ] < r (36)

holds, at least for some values ofψ .25 When (36) does hold, it is not feasible to set
θ = 0 and, indeed, there will be a minimum feasible value ofθ , which we denote
by θ . It is easy to show thatθ satisfies26

π [z̄(θ ;ψ), θ ;ψ ] + θ ŷ = r. (37)

When (36) holds, borrowers will seek to maximizeH (θ ;ψ) subject toθ ≥ θ .
Parenthetically, our analysis bears on the issue of the use of CSV models to

study “credit rationing.” In standard CSV models—with a single type of investment
opportunity—credit is said to be rationed when 1−α <αq (the potential demand
for credit exceeds its supply), and whenz̃= z̄(0;ψ), so that it is impossible for a
borrower who is denied credit to alter funding contract terms in a way that raises the
expected return to a lender. (See Gale and Hellwig, 1985; Williamson, 1986, 1987;
or Boyd and Smith, 1997, 1998a for a discussion of this kind of credit rationing.)
Here, however, it is always feasible for a borrower to offer an expected return
of at leastŷ, so credit can never be rationedunless1−α <αq and the expected
return to a lender is bid abovêy. In this situation, it is apparent thatθ∗ = 0, so
credit can only be rationed when borrowers are driven to a corner with respect to
their investment choices. Moreover, in order for it to be feasible for borrowers to
obtain credit in this situation, it is necessary thatπ [z̄(0;ψ), 0;ψ ]> ŷ. Thus the
conditions under which credit rationing can be observed will be far more stringent
in CSV models with multiple investment opportunities than in CSV models with
only single investment opportunities.

The analysis of this section also raises the possibility that it is not feasible for a
firm to be 100% debt financed. Suppose, for example, that firms are prohibited from

24 It is not feasible for the firm to choose a particular value forθ if, at thatθ , it is not feasible to
deliver an expected return of r to a lender.

25 Obviously if (37) fails to hold for some valuesψ > w̄/4, it will fail to hold only for relatively
small values ofψ .

26 When (36) holds, it is easy to show that (37) has a unique solutionθ ∈ (0, r/ŷ). Also, if there is
no interior optimum,θ∗ = θ andz∗ = z̄(θ ;ψ) hold.
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TABLE 4
Solutions for Example 3

ψ z∗ θ∗ z̄

0.76 0.1061 0.4991 0.9842
0.80 0.0999 0.5014 1.0044
0.85 0.0932 0.5039 1.0336
0.90 0.0873 0.5060 1.0691
0.95 0.0821 0.5079 1.1156
1.00 0.0775 0.5095 1.1869
1.01 0.0766 0.5098 1.2088
1.02 0.0758 0.5101 1.2375
1.03 0.0750 0.5104 1.2877
1.04 0.0741 0.5107 —
1.05 0.0734 0.5110 —
1.06 0.0726 0.5113 —
1.07 0.0718 0.5115 —
1.08 0.0711 0.5118 —

Note.ŵ = 1.5, ŷ = 1.4, andr = 0.75.

issuing liabilities that offer state-contingent repayments in nonmonitoring states.27

Then firms are constrained to issue only debt. It is straightforward but tedious to
show that 100% debt finance is infeasible underany (not just an optimal) debt
contract if (36) and

r + pnψG(r ) > ŷ (38)

hold for somen with yn< r . We will consider an example where these conditions
are satisfied.

Our next example examines what happens when (36)fails for relatively “low”
values ofψ , but holds at higher values ofψ . We then turn to an example where
(36) holds for allψ >w̄/4.

EXAMPLE 3. For this example we set ˆw= 1.5, ŷ= 1.4, r = 0.75, and we vary
ψ from 0.76 to 1.08. The results are reported in Table 4. Forψ ≥ 1.04, it becomes
infeasible to setθ = 0 (there is no nonnegative solution forz̃≡ z(0;ψ)). Thus, in
a single investment opportunity world, there would be a severe discontinuity at
ψ = 1.04. However, with two investment opportunities,θ∗ andz∗ ≡ z(θ∗;ψ) vary
continuously withψ , even asψ rises above 1.04.

For these parameter values, the upper bound forθ is r/ŷ= 0.5357. Thus,
the unobservable return investment technology will always be used, and indeed,
Eq. (14) implies thatθ∗< r/ŷ will always obtain—no matter how largeψ is—
wheng(0)= 0 holds, as it does here. Thus, even for monitoring costs which would
make the use of technology u prohibitively costly if technology u were the only one

27 Such restrictions against equity-like securities are not unknown historically. See, for instance,
Bencivenga and Smith (1991).
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TABLE 5
Solutions for Example 4

ψ θ θ∗ e/q

0.76 0.8592 0.8776 0.9976
0.85 0.8620 0.8778 0.9978
0.95 0.8643 0.8780 0.9981
1.05 0.8661 0.8782 0.9983

Note.ŵ = 1.5, ŷ = 1.4, r = 1.2315.

available, technology u can still be used—quite extensively, in fact—when tech-
nology o is utilized optimally. This again serves to illustrate the potential gains
associated with the use of technology o to reduce costly monitoring.

EXAMPLE 4. This example is identical to Example 3, except thatr = 1.2315.
For this value ofr , (37) holds for allψ >w̄/4, so that it is always infeasible to
setθ = 0. Table 5 reports the minimum feasible value ofθ corresponding to each
value ofψ ; obviouslyθ increases withψ . Table 5 also reports the optimal value
θ∗ corresponding to eachψ . Evidently, even though the set of feasible values ofθ

is fairly small, we continue to have an interior optimum.
If p1≥ 2/3 andy1< 1.2315 hold, then (38) holds along with (36) for this ex-

ample, and for all valuesψ >w̄/4. In this case it would not be feasible for the
firm to be 100% debt financed usinganykinds of debt contracts. Thus, under this
parameter configuration, it is essential that the firm be permitted to issue liabilities
with state contingent payments in nonmonitoring states; if it were unable to do so,
it could not operate at all. And, obviously, an optimal contract involves the firm
using equity finance very heavily.

5. CONCLUSION

We have examined an environment in which risk-neutral firms must obtain
external financing for capital investments. There are two investment technologies
available; one with a high expected return that is subject to a CSV problem, and one
with a lower expected return, but for which project returns are fully observable. We
have characterized the firm’s optimal utilization of each investment technology,
and described conditions under which the observable return technology will be
employed more heavily as the costs of state verification rise.

The optimal contract between a firm and the agents who finance it specifies a
repayment schedule that is a piecewise linear function of all the project returns
that can be observed by outsiders. This contract can be supported by having the
firm issue an appropriately selected— and determinate—amount of external debt
and equity. The amount of equity issued depends on the composition of the firm’s
investments, on the costs of state verification, and on factors—such as the distribu-
tion of returns on technology o—that are irrelevant to the allocation of resources.
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The debt issued by a firm in this world is identical to the debt issued (by wholly
debt-financed firms) in standard CSV models. The equity issued makes external
equity-holders true residual claimants; equity-holders receive some fraction of
project returns less payments to debt-holders. In nonmonitoring states payments
to equity-holders are a function of the return on technology o alone, which is of
course the only return they observe in such states. In monitoring states equity-
holders receive potentially complicated repayments, which are a function of the
returns on both technologies o and u. Finally, the claims held by inside equity-
holders yield managerial compensation that is broadly consistent with existing
empirical evidence. Specifically, management will not generally be induced to
maximize shareholder value, and management may hold a small fraction of all
firm equity—even though the incentives generated by managerial equity ownership
may be large relative to other components of managerial compensation.

Our numerical examples indicate that the optimal debt–equity ratio for a firm
will typically fall as the costs of state verification increase and as technology o
becomes more risky (for a given value ofŷ). A further examination of the generality
of these properties is an important topic for future investigation. Another such
topic would involve extending the model to allow inside equity-holders (project
owners) to contribute some internal finance for their own projects. The existence
of internal finance will typically alter any firm’s optimal ratio of debt to equity.
The relationship between internal finance and other dimensions of a firm’s capital
structure is also deserving of further consideration.

A particularly important extension of this study, and one that is undertaken in
Boyd and Smith (1996,1998b), is to embed the analysis of this paper in a dynamic
model that allows for the possibility of economic growth. By modifying the model
in this way, it is possible to investigate two issues of central importance in economic
development: how does the level of activity in debt and equity markets evolve as an
economy develops, and how does the composition of investment change as capital
is accumulated? The results obtained by Boyd and Smith (1998b) suggest that
economic growth will typically be accompanied by an increasingly heavy reliance
on equity markets, and by an increased use of the observable return investment
technology. The former result is strongly supported by observation.

Several of these results are deserving of some additional discussion. For ex-
ample, the determinacy of the debt–equity ratio in this environment depends on
the assumption that there is a positive cost (F) for the establishment of additional
corporations. In particular, ifF = 0 were to hold, there would not be a determinate
equity ratio. To see this, note that in the absence of a cost to creating (fictitious)
“new firms,” a borrower could create one firm utilizing only the observable return
technology, and could sell a set of equity claims against it (raisingθ ŷ/r in the pro-
cess). These proceeds could then be invested in a second firm, which operated the
unobservable return technology. The second firm would be entirely debt-financed
(as a conventional CSV firm), and would issue debt with a value ofq− (θ ŷ/r ).
The result is an equity ratio, for the two firms together, ofθ ŷ/rq. At the same time,
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the equity ratio described in Eq. (28) would continue to constitute an equilibrium
for the firm. Thus the equity ratio would not be pinned down by the model.

The firm’s indifference between these two strategies (or between any convex
combinations of them) depends crucially on the absence of any costs to the creation
of an additional entity against which equity claims can be sold. With any positive
costs of doing so, a borrower will strictly prefer to operate a single firm. Then, since
debt-holders must be prior claimants, any given borrower will have a determinate
ratio of debt to total liabilities. Since we think it implausible that the spin-off of
new corporate entities is completely costless, we also believe that the factors we
have described are adequate to deliver a determinate ratio of debt to equity.

Of course, while equity-holders in this environment are residual claimants, they
do not perform another function of real world equity owners. In particular, they
exercise no control rights over firms.28 However, a generalized version of our
analysis—modified to allow for the presence of additional managerial incentive
problems—is likely to suggest that the appropriate sale of debt and equity to
outside investors provides inside owner/managers with a strong set of performance
incentives. Indeed, our owner/managers are compensated—after external debt and
equity-holders are paid—in a manner that is strongly related to firm performance.
Thus a combination of debt and equity that is sold to address a CSV problem may
only require minor modifications when other managerial incentive problems are
added to the model.

We now conclude by discussing the relationship between our analysis of firm
financial structure, and some other contributions to this and related literatures.

Chang (1987) considers the optimal liability structure of a firm which has afixed
investment composition that yields a partially (freely) observable and a partially
unobservable (observable only at a cost) investment return.29 Chang then shows
how an optimal contract can be supported through the issue of something like debt
and equity, although Chang gives a somewhat different interpretation than we do
to the composition of debt and equity finance.

A comparison of our analysis with Chang’s will quickly illustrate the importance
of allowing the firm to endogenously choose the composition of its investments.
For example, Chang’s formulation—withθ fixed—yields the result that an increase
in monitoring costs will typically lead to an increased use of debt (see our Propo-
sition 1.f). This is both counterintuitive, since debt is the “monitoring intensive”

28 See Aghion and Bolton (1992), Dewatripont and Tirole (1994), and Fluck (1998) for an analysis of
firm liability structure that is based on control rights and incomplete contracting. These papers derive an
optimal interior debt–equity ratio, although they do not necessarily consider the complete spectrum of
possible contracts, as we do. Boot and Thakor (1993) emphasize the informational aspects of debt and
equity, as we do, although their analysis is predicated on the existence of informational asymmetries
affecting the providers of external finance.

29 That is, Chang exogenously fixesθ . In one section of his paper, Chang briefly considers the conse-
quences of allowing a firm to alter—at some cost—the composition of observable versus unobservable
returns. However, Chang derives no results about the firm’s optimal choice of this composition, and he
gives no results about how the composition of debt and equity finance varies with parameters in this
case.
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liability in Chang’s framework, and it carries other undesirable implications. In
particular, when incorporated into a growth model (see Boyd and Smith, 1998b),
Chang’s formulation would then imply that debt is more heavily—and equity less
heavily—utilized as an economy develops. Such a result is clearly contrary to
observation. Moreover, Chang’s interpretation of debt issues allows for the pos-
sibility that payments to debt-holders be contingent on firm performance, even
in nonmonitoring states. This is inconsistent with conventional interpretations of
debt.

Seward (1990) also considers an environment with two investment technolo-
gies, with one being subject to and one not being subject to a CSV problem.
Furthermore, Seward allows the firm to choose the composition of its investments,
as we do. Thus Seward’s analysis is superficially very similar to ours. However,
what Seward actually shows30 is that thefirst best allocationof investment—the
allocation that would obtain underzeroverification costs—can be supported by
employing a contract that resembles the use of debt and equity finance. This is not
very surprising. From a technical perspective, however, Seward does not consider
the possibility that the firm might (and generally should) alter the composition
of its investment relative to that in a frictionless environment in order to reduce
the level of its expected monitoring costs.31 Obviously, this is the essence of our
analysis.

Finally, an issue that is somewhat related to that we consider is the use of
collateralized debt in borrowing/lending or insurance relationships (Besanko and
Thakor, 1987; Lacker, 1998). In our analysis, returns on investments in technology
o may—on the surface—appear to serve a role similar to collateral in various debt
arrangements. However, as Lacker shows—in an environment like ours, with risk-
neutral borrowers—collateral is useful only if it is valued more highly by the
borrower than the lender. This is not the case here, which indicates that equity
finance plays a role beyond that played by collateral in other contexts. Equity
finance permits the optimal smoothing of verification costs across states, as well
as permits an economization on general monitoring costs.

APPENDIX

A. Proof of Lemma 1

(a) Fix θ, R(w, yn), x(yn), andA(yn); n= 1, . . . , N. Assumption (a.1) implies
that increases ini always raise the value of the objective function. Moreover, since
constraints (1) and (2) are in “per unit borrowed terms,” these are unaffected by
increasingi . Finally, it is easy to see that increases ini , ceteris paribus, relax
constraint (3). Thus, at an optimum,i must be as large as possible.

30 This is not what the text of his paper purports to show.
31 Seward also assumes that the two investment technologies have the same expected returns. In our

environment, that would obviously lead toθ∗ = 1, and to 100% equity finance.
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(b) Fix i =q andθ . For y 6= yn, fix R(w, y), x(y), andA(y). It is evident that
feasibility requires that

A(yn) ⊂
[
0,

x(yn)− θyn

1− θ
)
. (A1)

Now suppose that

[
0,

x(yn)− θyn

1− θ
)
⊆

⁄
A(yn). (A2)

Then it is possible to changeR(w, yn), x(yn), andA(yn) in a way that satisfies (1)–
(3), while reducing the set of monitoring states wheny= yn. (See Gale and Hellwig,
1985, or Williamson, 1986, 1987, for a constructive proof of this assertion.) Since
a reduction in the set of monitoring states always raises the value of the borrower’s
objective, (A.2) is inconsistent with an optimal contract. Moreover, this is true for
all n= 1, . . . , N.

(c) Fix i =q, θ , andA(yn) as in part (b) of the lemma. In addition, fory 6= yn

fix R(w, y) andx(y). If R(w, yn)<θyn+ (1− θ )w holds for some subset ofA(yn)
which occurs with positive probability, then it is possible to raiseR(w, yn) on this
subset and to reducex(yn) in a way that satisfies (1)–(3). (Again, see Gale and
Hellwig, 1985, and Williamson, 1986, 1987.) Part (b) of the lemma implies that
reductions inx(yn) reduce expected monitoring costs and hence raise the value of
the borrower’s objective function. ThusR(w, yn)<θyn+ (1− θ )w is inconsistent
with optimality, establishing the result.

B. Derivation of the Problem (P)

Lemma 1 implies that the borrower’s problem can be reformulated as maximiz-
ing

[θ ŷ+ (1− θ )ŵ − r ]q − γ
∑

n

pnG(zn)

subject to

∑
n

pn

zn∫
0

[θyn+ (1− θ )w]g(w) dw

+
∑

n

pnx(yn)[1− G(zn)] − ψ
∑

n

pnG(zn) = r, (A3)
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whereψ ≡ γ /q is the cost of monitoring, relative to the size of the investment
project. Now rewrite Eq. (A3) as

∑
n

pnθynG(zn)+ (1− θ )
∑

n

pn

zn∫
0

wg(w) dw

+
∑

n

pnx(yn)[1− G(zn)] − ψ
∑

n

pnG(zn) = r. (A3′)

Adding and subtracting
∑

pnθyn[1−G(zn)] from the left-hand side of (A3′), we
can reformulate the borrower’s problem as choosingθ ∈ [0, 1] andzn ∈ [0, w̄], n=
1, . . . , N, to solve the problem

max θ ŷ+ (1− θ )ŵ − r − ψ
∑

n

pnG(zn)

subject to (6).

C. Proof of Lemma 2

(a) Suppose to the contrary thatzn> z̄(θ ;ψ), for somen. Then, holdingθ
fixed, replacezn with z̄(θ ;ψ) in the problem (P). This increases the value of the
objective function and it relaxes constraint (6). But this contradicts the assumption
thatzn> z̄(θ ;ψ) is optimal.

(b) z̄(θ ;ψ) satisfies the first-order condition

(1− θ ){1− G[z̄(θ ;ψ)]} − ψg[z̄(θ ;ψ)] = 0 (A4)

and the second-order condition

(1− θ )g[z̄(θ ;ψ)] + ψg′[z̄(θ ;ψ)]> 0. (A5)

Then the implicit function theorem guarantees the differentiability ofz̄(θ ;ψ); and
differentiating (A4) with respect toθ yields

{(1− θ )g[z̄(θ ;ψ)] + ψg′[z̄(θ ;ψ)]}z̄1(θ ;ψ) = −{1− G[z̄(θ ;ψ)]} < 0. (A6)

(A5) and (A6) imply that̄z1(θ ;ψ)< 0, so that̄z(θ ;ψ) ≤ z̄(0;ψ) holds, for allθ .
This establishes (b).

D. Proof of Lemma 3

From Eq. (11), clearly

π [z(r/ŷ;ψ), r/ŷ;ψ ] ≡ 0. (A7)
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As is apparent from (10),π (0, θ ;ψ) = 0, for all (θ ;ψ). Thus

z(r/ŷ;ψ) = 0. (A8)

For all θ ≥ r/ŷ no monitoring costs are born. Then, since ˆw > ŷ, for θ ≥ r/ŷ
the borrower’s objective function in (P.1) is strictly decreasing inθ . Thusθ ≤ r/ŷ
at an optimum.

E. Proof of Lemma 4

The derivative of the objective function in (P.1) isŷ− ŵ−ψg[z(θ ;ψ)]z1(θ ;ψ).
Sincez(r/ŷ;ψ) = 0, the left derivative of this function atθ = r/ŷ is given by the
left-hand side of condition (a). If this is negative, clearlyθ < r/ŷ holds. Similarly,
sincez(0;ψ)= z̃, the right derivative of this function atθ = 0 is given by the
left-hand side of condition (b). If this is positive, clearlyθ >0 holds.

From equation (18),

z1(r/ŷ;ψ) = −{ŷ+ π2[z(r/ŷ;ψ), r/ŷ;ψ ]}/π1[z(r/ŷ;ψ), r/ŷ;ψ ]

= −{ŷ+ π2(0, r/ŷ;ψ)}/π1(0, r/ŷ;ψ). (A9)

Now

π1(z, θ ;ψ) = (1− θ )[1− G(z)] − ψg(z) (A10)

and

π2(z, θ ;ψ) = −z[1− G(z)] −
z∫

0

wg(w) dw. (A11)

Thus

π1(0, r/ŷ;ψ) = (ŷ− r )/ŷ− ψg(0) (A12)

and

π2(0, r/ŷ;ψ) = 0. (A13)

Therefore

z1(r/ŷ;ψ) = −ŷ/{[( ŷ− r )/ŷ] − ψg(0)}. (A14)

Substituting (A14) into condition (a) and rearranging terms yields equation (14).
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Similarly

π1(z̃, 0;ψ) = 1− G(z̃)− ψg(z̃) (A15)

and

π2(z̃, 0;ψ) = −z̃[1− G(z̃)] −
z̃∫

0

wg(w) dw. (A16)

Therefore

z1(0;ψ) = −
ŷ− z̃[1− G(z̃)] −

z̃∫
0

wg(w) dw


/

[1−G(z̃)−ψg(z̃)]. (A17)

Moreover, the expected return constraint (11) implies that

z̃[1− G(z̃)] +
z̃∫

0

wg(w) dw = r + ψG(z̃). (A18)

Substituting (A18) into (A17), substituting the result into condition (b), and rear-
ranging terms yields Eq. (15).

F. Proof of Lemma 5

(a) Differentiating Eq. (17) yields{
ψg[z(θ∗;ψ)]z11(θ

∗;ψ)+ ψg′[z(θ∗;ψ)][z1(θ∗;ψ)]2
}
T ′(ψ)

= −g[z(θ∗;ψ)]z1(θ∗;ψ)− ψg[z(θ∗;ψ)]z12(θ
∗;ψ)

−ψg′[z(θ∗;ψ)]z1(θ∗;ψ)z2(θ∗;ψ). (A19)

The second-order condition for the problem (P.1)—Eq. (19)—implies that the term
multiplying T ′(ψ) on the left-hand side of Eq. (A19) is positive. Therefore, since
−g′(−) < 0, T ′(ψ) > 0 holds iff (21) is satisfied.

(b) It is obvious from (17) thatz1(θ∗;ψ) < 0. Moreover, Eq. (11) implies that

z2(θ∗;ψ) = −π3[z(θ∗;ψ), θ∗;ψ ]/π1[z(θ∗;ψ), θ∗;ψ ]. (A20)

The assumption that credit is not rationed implies that

π1[z(θ∗;ψ), θ∗;ψ ] > 0 (A21)
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(see Fig. 1), while from (10)

π3[z(θ∗;ψ), θ∗;ψ ] = −G[z(θ∗;ψ)] < 0· (A22)

Thus, z2(θ∗;ψ)> 0. Therefore, it follows from (a.3) that (21) is satisfied if
z12(θ∗;ψ)≤ 0.

Differentiating Eq. (18) with respect toψ gives

z12(θ ;ψ) = −[π23(−)/π1(−)] − [π21(−)/π1(−)]z2(θ ;ψ)

− z1(θ ;ψ){π11(−)z2(θ ;ψ)+ π13(−)}/π1(−). (A23)

It is straightforward to verify thatπ23(z, θ ;ψ) ≡ 0. Moreover, if we evaluate (A23)
at θ = θ∗ and use (A20)–(A22), it is apparent thatz12(θ∗;ψ) ≤ 0 holds iff

−z1(θ∗;ψ){[π13(−)/π3(−)] − [π11(−)/π1(−)]} ≥ −π21(−)/π1(−). (A24)

From (A10), (A11), and (A20) it follows that

[π13(−)/π3(−)]− [π11(−)/π1(−)]

= g(ẑ)/G(ẑ)+{(1− θ∗)g(ẑ)+ψg′(ẑ)}/{(1−θ∗)[1−G(ẑ)]−ψg(ẑ)} (A25)

and

−π21(−)/π1(−) = [1− G(ẑ)]/{(1− θ∗)[1− G(ẑ)] − ψg(ẑ)}, (A26)

where ẑ ≡ z(θ∗;ψ). Substituting (A25) and (A26) into (A24) then yields that
z12(θ∗;ψ) ≤ 0 holds iff

−z1(θ∗;ψ){(1− θ∗)g(ẑ)− ψg(ẑ)2+ G(ẑ)ψg′(ẑ)}≥G(ẑ)[1− G(ẑ)]. (A27)

Now substitute (17) into (A27). Upon rearranging terms we obtain that
z12(θ∗;ψ) ≤ 0 holds iff

(ŵ − ŷ){(1− θ∗)− ψg(ẑ)+ ψG(ẑ)[g′(ẑ)/g(ẑ)]} ≥ ψG(ẑ)[1− G(ẑ)]. (A28)

Sinceθ∗ ≤ r/ŷ holds, obviously a sufficient condition for (A28) is

(ŵ − ŷ){[( ŷ− r )/ŷ] − ψg[z(θ∗;ψ)]} ≥ ψG(ẑ)[1− G(ẑ)]. (A29)

Moreover,G(ẑ)[1− G(ẑ)] ≤ 1/4 holds, yielding Eq. (23).
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G. Proof of Proposition 1

(a) Rewrite Eq. (27) as

re/q = θ ŷ{1− G[z(θ ;ψ)]}

+
∑

n

pn

z(θ ;ψ)∫
0

[θyn + (1− θ )w − (1− θ )z(θ ;ψ)]g(w) dw

−ψG[z(θ ;ψ)] +
∑

n

pnψG[ J(θ, yn;ψ)]

−
∑

n

pn

J(θ,yn;ψ)∫
0

[θyn + (1− θ )w − (1− θ )z(θ ;ψ)]g(w) dw

= θ ŷ− (1− θ )z(θ ;ψ)G[z(θ ;ψ)] +
z(θ ;ψ)∫
0

(1− θ )wg(w) dw

−ψG[z(θ ;ψ)] +
∑

n

pnψG[ J(θ, yn;ψ)]

−
∑

n

pn

J(θ,yn;ψ)∫
0

[θyn + (1− θ )w − (1− θ )z(θ ;ψ)]g(w) dw. (A30)

Equation (9) implies that

θ ŷ+
z(θ ;ψ)∫
0

(1− θ )wg(w) dw − (1− θ )z(θ ;ψ)G[z(θ ;ψ)] − ψG[z(θ ;ψ)]

= r − (1− θ )z(θ ;ψ). (A31)

Substituting (A31) into (A30) yields

re/q = r − (1− θ )z(θ ;ψ)

+
∑

n

pnψG[ J(θ, yn;ψ)] −
∑

n

pn

J(θ,yn;ψ)∫
0

(1− θ )wg(w) dw

+
∑

n

pn(1− θ )[z(θ ;ψ)− (θ/(1− θ ))yn]G[ J(θ, yn;ψ)]
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= r − (1− θ )z(θ ;ψ)+
∑

n

pnψG[ J(θ, yn;ψ)]

−
∑

n

pn

J(θ,yn;ψ)∫
0

(1− θ )wg(w) dw

+
∑

n

pn(1− θ )J(θ, yn;ψ)G[ J(θ, yn;ψ)], (A32)

where the last equality follows from the fact thatJ(θ, yn;ψ) = z(θ ;ψ)−
[θ/(1− θ )]yn holds iff J(θ, yn;ψ) 6= 0.

Now observe that, by definition,

∑
n

pnψG[ J(θ, yn;ψ)] −
∑

n

pn

J(θ,yn;ψ)∫
0

(1− θ )wg(w) dw

+
∑

n

pn(1− θ )J(θ, yn;ψ)G[ J(θ, yn;ψ)]

=
∑

n

pn(1− θ )J(θ, yn;ψ)−
∑

n

pnπ [ J(θ, yn;ψ), θ ;ψ ]. (A33)

Substituting (A33) into (A32) we obtain

(r/q)e= r −
∑

n

pn(1− θ )[z(θ ;ψ)− J(θ, yn;ψ)] −
∑

n

pnπ [ J(θ, yn;ψ), θ ;ψ ].

(A34)
But this is Eq. (28).

(b) ClearlyE is differentiable iffJ(θ, yn;ψ) is differentiable for alln. J(θ, yn;
ψ) is differentiable for alln iff [(1 − θ )/θ ]z(θ ;ψ) 6= yn holds for alln.

(c) Define the correspondenceM(θ ;ψ) by

M(θ ;ψ) ≡ {n = 1, . . . , N: J(θ, yn;ψ)= 0}. (A35)

Then write that

(r/q)E(θ ;ψ) ≡ r −
∑

n∈M(θ ;ψ)

pn(1− θ )z(θ ;ψ)

−
∑

n/∈M(θ ;ψ)

pn(1− θ )[z(θ ;ψ)− J(θ, yn;ψ)]

−
∑

n/∈M(θ ;ψ)

pnπ [ J(θ, yn;ψ), θ ;ψ ]
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= r −
∑

n∈M(θ ;ψ)

pn(1− θ )z(θ ;ψ)−
∑

n/∈M(θ ;ψ)

θpnyn

−
∑

n/∈M(θ ;ψ)

pnπ [ J(θ, yn;ψ), θ ;ψ ]. (A36)

Then, at points of differentiability,

(r/q)E1(θ ;ψ) =
∑

n∈M(θ ;ψ)

pn[z(θ ;ψ)− (1− θ )z1(θ ;ψ)] −
∑

n/∈M(θ ;ψ)

pnyn

−
∑

n/∈M(θ ;ψ)

pnπ1[ J(θ, yn;ψ), θ ;ψ ] J1(θ, yn;ψ)

−
∑

n/∈M(θ ;ψ)

pnπ2[ J(θ, yn;ψ), θ ;ψ ]

=
∑

n∈M(θ ;ψ)

pn[z(θ ;ψ) − (1− θ )z1(θ ;ψ)] −
∑

n/∈M(θ ;ψ)

pnyn

−
∑

n/∈M(θ ;ψ)

pnπ1[ J(θ, yn;ψ), θ ;ψ ]{z1(θ ;ψ)− (1− θ )−2yn}

−
∑

n/∈M(θ ;ψ)

pnπ2[ J(θ, yn;ψ), θ ;ψ ]. (A37)

Case 1. Suppose thatθ is large enough so that

[(1− θ )/θ ]z(θ ;ψ) < yn (A38)

holds, for all n. Then E is differentiable, andM(θ ;ψ)={1, 2, . . . , N}. Thus
E1(θ ;ψ)> 0 holds if z1(θ ;ψ)≤ 0. But z1(r/ŷ;ψ)=−{ŷ+π2(0, r/ŷ;ψ)}/
π1(−)=−ŷ/π1(−)< 0. Thus (A38) andz1(θ ;ψ)≤ 0 hold ifθ is sufficiently close
to r/ŷ. It follows thatE1(θ ;ψ)> 0.

Case 2. Supposeθ = 0. Then we haveJ(0, yn;ψ)= z(0;ψ)> 0, thatM(0;ψ)=
φ, and thatE is differentiable. Moreover, evaluating (A37) atθ = 0 gives

(r/q)E1(0;ψ) = −ŷ− π1[z(0;ψ), 0;ψ ]z1(0;ψ)

+π1[z(0;ψ), 0;ψ ] ŷ − π2[z(0;ψ), 0;ψ ]. (A39)

In addition, Eq. (18) implies that

−z1(0;ψ)π1[z(0;ψ), 0;ψ ] = ŷ+ π2[z(0;ψ), 0;ψ ]. (A40)
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Substituting (A40) into (A39) yields

(r/q)E1(0;ψ) = π1[z(0;ψ), 0;ψ ] ŷ > 0.

ThenE1(θ ;ψ) > 0 for θ sufficiently near zero follows from continuity.
(d) E(r/ŷ;ψ)=q follows from the fact thatz(r/ŷ;ψ)= J(r/ŷ, yn;ψ)= 0.

E(0;ψ)= 0 follows from the facts thatz(0;ψ)= J(0, yn;ψ) and thatπ [z(0;ψ),
0;ψ ]≡ r .

(e) If z1(θ ;ψ)≤ 0 holds for some (θ, ψ), and ifE is differentiable at that point,
Eq. (A37) implies thatE1(θ ;ψ)> 0 holds if

−
∑

n/∈M(θ ;ψ)

pnπ1[ J(θ, yn;ψ), θ ;ψ ]
{
z1(θ ;ψ)− (1− θ )−2yn

}
−

∑
n/∈M(θ ;ψ)

pnπ2[ J(θ, yn;ψ), θ ;ψ ] −
∑

n/∈M(θ ;ψ)

pnyn ≥ 0. (A41)

Moreover,z1(θ ;ψ) ≤ 0, z(θ ;ψ) ≥ J(θ, yn;ψ) for alln /∈M(θ ;ψ), andπ11(−)< 0
imply that (A41) holds if

−
∑

n/∈M(θ ;ψ)

pnπ1[z(θ ;ψ), θ ;ψ ]
{
z1(θ ;ψ) − (1− θ )−2yn

}
−

∑
n/∈M(θ ;ψ)

pnπ2[ J(θ, yn;ψ), θ ;ψ ] −
∑

n/∈M(θ ;ψ)

pnyn ≥ 0. (A42)

Equation (18) implies that

−π1[z(θ ;ψ), θ ;ψ ]z1(θ ;ψ) = ŷ+ π2[z(θ ;ψ), θ ;ψ ].

Substituting this expression into (A42) yields the equivalent condition

ŷ
∑

n/∈M(θ ;ψ)

pn +
∑

n/∈M(θ ;ψ)

(1− θ )−2 pnπ1[z(θ ;ψ), θ ;ψ ]yn

−
∑

n/∈M(θ ;ψ)

pn{π2[ J(θ, yn;ψ), θ ;ψ ] − π2[z(θ ;ψ), θ ;ψ ]}

−
∑

n/∈M(θ ;ψ)

pnyn ≥ 0. (A42′)

Now (A42′) holds if

ŷ ≥
( ∑

n/∈M(θ ;ψ)

pnyn

)/ ∑
n/∈M(θ ;ψ)

pn (A43)
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and ∑
n/∈M(θ ;ψ)

(1− θ )−2 pnπ1[z(θ ;ψ), θ ;ψ ]yn

−
∑

n/∈M(θ ;ψ)

pn{π2[ J(θ, yn;ψ), θ ;ψ ] − π2[z(θ ;ψ), θ ;ψ ]} ≥ 0 (A44)

both hold. (A43) must be satisfied, sincen /∈M(θ ;ψ) holds only for “smaller”
values ofyn. ThusE1(θ ;ψ) > 0 holds if (A44) is satisfied.

From (A11)

−π2(s, θ ;ψ) = s[1− G(s)] +
s∫

0

wg(w) dw = s−
s∫

0

G(w) dw (A45)

where the second equality follows via integration by parts. Using (A45) in (A44)
yields∑

n/∈M(θ ;ψ)

(1− θ )−2 pnπ1[z(θ ;ψ), θ ;ψ ]yn +
∑

n/∈M(θ ;ψ)

pn[ J(θ, yn;ψ) − z(θ ;ψ)]

+
∑

n/∈M(θ ;ψ)

pn

z(θ ;ψ)∫
J(θ,yn;ψ)

G(w) dw ≥ 0 (A46)

as a sufficient condition forE1(θ ;ψ) > 0. (A46) is equivalent to∑
n/∈M(θ ;ψ)

pn
{
(1− θ )−2π1[z(θ ;ψ), θ ;ψ ] − [θ/(1− θ )]

}
yn

+
∑

n/∈M(θ ;ψ)

pn

z(θ ;ψ)∫
J(θ,yn;ψ)

G(w) dw ≥ 0 (A46′)

Since

z(θ ;ψ)∫
J(θ,yn;ψ)

G(w) dw ≥ [z(θ ;ψ)− J(θ ;ψ)]G[ J(θ, yn;ψ)]

= [θ/(1− θ )]G[ J(θ, yn;ψ)]yn

holds, a sufficient condition for (A46′) is that

(1− θ )−2π1[z(θ ;ψ), θ ;ψ ] ≥ [θ/(1− θ )]{1− G[ J(θ, yn;ψ)]} (A47)
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hold for alln /∈M(θ ;ψ). (A47) is, of course, equivalent to (29). Sinceθ (1− θ ) ≤
0.25, obviously (30) is sufficient for (29).

(f ) If E(θ ;ψ) is differentiable at (θ, ψ), then differentiating Eq. (28) yields

E2(θ ;ψ) = −
∑

n∈M(θ ;ψ)

pn(1− θ )z2(θ ;ψ)

−
∑

n/∈M(θ ;ψ)

pnπ1[ J(θ, yn;ψ), θ ;ψ ] J3(θ, yn;ψ)

−
∑

n/∈M(θ ;ψ)

pnπ3[ J(θ, yn;ψ), θ ;ψ ]. (A48)

From (A20)–(A22),z2(θ ;ψ) ≥ 0, while J3(θ, yn;ψ) = z2(θ ;ψ) if J(θ, yn;ψ) >
0. Using these facts and (A20) in (A48), we obtain

E2(θ ;ψ) = −
∑

n∈M(θ ;ψ)

pn(1− θ )z2(θ ;ψ)

+
∑

n/∈M(θ ;ψ)

pnπ1[ J(θ, yn;ψ), θ ;ψ ]π3[z(θ ;ψ), θ ;ψ ]/π1[z(θ ;ψ), θ ;ψ ]

−
∑

n/∈M(θ ;ψ)

pnπ3[ J(θ, yn;ψ), θ ;ψ ]. (A49)

Now π1[ J(−), θ ;ψ ]/π1[z(−), θ ;ψ ]≥ 1 holds (sinceπ11< 0), and−π3[z(−), θ ;
ψ ]≥−π3[ J(−), θ ;ψ ] holds, sincez(θ ;ψ)≥ J(θ, yn;ψ) for all n (see Eq. (A22)).
Therefore each term on the right-hand side of (A49) is nonpositive, soE2(θ ;ψ)≤ 0.

H. Proof of Proposition 2

z̄(0;ψ) solves the equation

1= G(z)+ ψg(z) (A50)

and satisfies the second-order condition

g(z)+ ψg′(z) ≥ 0. (A51)

SinceG(0)+ψg(0)= 0 when (33) holds, 1>G(0)+ψg(0). Moreover, (A51)
holds forz∈ [0, w̄/2), so (A50) has a unique solution in the interval [0, ¯w/2) iff

G(w̄/2)+ ψg(w̄/2)> 1. (A52)

For the triangular distribution, (A52) is equivalent toψ > w̄/4.
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We now show that (A50) has exactly one solution in the interval ( ¯w/2, w̄], and
that this solution represents a localminimumof π (z, 0;ψ). Thus,z̄(0;ψ) < w̄/2,
as claimed.

To establish that there is at most one solution to (A50) in the interval ( ¯w/2, w̄],
note thatG(w̄/2) + ψg(w̄/2) > G[z̄(0;ψ)] + ψg[z̄(0;ψ)] = 1 (see Fig. 4).
Moreover, forz > w̄/2, G(z) + ψg(z) is nonincreasing inz iff z ≥ w̄ − ψ .
It is therefore the case that any solution to (A50) satisfyingz > w̄/2 must also
satisfyz > w̄ − ψ , and that (A50) can have at most one solution in the interval
(max[w̄/2, w̄ − ψ ], w̄]. Moreover, there clearly is such a solution, sincez = w̄
satisfies (A50).

At z= w̄, of course, (A51) is violated. Therefore, settingz= w̄ attains a local
minimum ofπ (z, 0;ψ). Thusz̄(0;ψ) < w̄/2, as was to be shown.
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