Journal of Financial Intermediatid) 270-316 (1999)
Article ID jfin.1999.0277, available online at http://www.idealibrary. coml D E Fl

The Use of Debt and Equity in Optimal Financial Contracts?!

John H. Boyd

Department of Finance, Carlon School of Management, University of Minnesota,
Twin Cities, Minneapolis, Minnesota 55455

and

Bruce D. Smith

Department of Economics, University of Texas—Austin, Austin, Texas 78712

Received September 30, 1998

We consider risk-neutral firms that must obtain external finance. They have access to
two kinds of stochastic investment opportunities. For one, return realizations are costlessly
observed by all agents. For the other, return realizations are costlessly observed only by the
investing firm. We examine the optimal allocation of investment between the two projects
and the optimal contractused to finance it. The optimal contractual outcome can be supported
by appropriate (and determinate) quantities of debt and equity issues. Investments in projects
with CSV problems are associated loosely with debt. Investments in projects with observable
returns are associated with equitpurnal of Economic Literatur€lassification Numbers:
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INTRODUCTION

One of the great successes of modern contract theory is the costly state
fication (CSV) environment, developed originally by Townsend (1979), and st
sequently extended by Diamond (1984), Gale and Hellwig (1985), Williamsi
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(1986,1987), and many others. Under the assumptions of risk-neutral agents
fixed verification costs, this environment delivers standard debt contracts as
optimal contractual form. In addition, it delivers a well-defined optimal capite
structure for a particular sort of firm. More specifically, internal funds, provide
by an informed entrepreneur, are exchanged for a residual claim, which resem
“equity.” External funds, provided by lenders who must monitor (at cost) to becor
informed, are exchanged for contracts that promise payments which are a pit
wise linear function of firm performance. These claims resemble “debt.” In th
environment—and in some more complicated ones such as those studied by E
and Prescott (1986), Bernanke and Gertler (1989), or Boyd and Smith (1993)—
firm is optimally financed with this combination of “debt” and “equity.”

This kind of model, where “equity” is owned entirely by insiders (say mar
agement), and where all external funding takes the form of debt, is a reason:
description of a very limited class of firms, however—for example sole proprietc
ships or other small owner-managed firms. Moreover, as discussed by Berng
and Gertler (1989), the equity investment decision is rather trivial, since itis alwe
optimal for firm management to invest its entire wealth endowment in the firm.

This sort of capital structure does not look much like that employed by lar
corporations in the United States or most other developed nations. In particu
major corporations typically have a large class of outside equity investors who
not necessarily any better informed than are debt-holders. In most cases, ther
also inside owner—managers and directors who hold equity and who, presume
are better informed than outsidérs.

In this paper, we attempt to provide a formal analysis of this kind of capit
structure using the same contract-theoretic approach that has proved so succe
in understanding the use of debt contracts. It turns out that it is possible to
so with only a fairly slight modification of the standard CSV environment. |
particular, instead of presenting entrepreneurs with only a single class of investn
opportunity, we allow entrepreneurs to make use of convex combinations of t
classes of investments. The first is exactly like that available in the standard C
setup. Return realizations are costlessly observed only by an entrepreneur, ar
other agents must pay a fixed monitoring cost to become informed about ret
realizations. The second (and new) type of stochastic investment opportunit
one in which return realizations are costlessly observealllggents. For obvious
reasons, we assume that the expected rate of return on the former exceeds th
the latter.

This minor modification of the underlying environment results in a consideralk
difference in the optimal financial structure of the firm. In order to characteri:
it, we begin by solving an optimization problem that determines each firm’s i
vestment in each type of project (that is, we determine its asset structure),
that determines the aggregate payments made by the firm as a function of

2 Large corporations are also likely to have multiple classes of debt securities, but that is not
focus of this study.
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returns it receives. We then show that an optimal contractual arrangement ca
supported by having the firm issue an appropriately chosen amount of debt
the standard CSV variety) and an appropriately chosen quantity of equity whic
sold externally. External equity-holders are true residual claimants, receiving sc
(state contingent) fraction of the returns on a firm’s assets—Iless payments to ¢
holders. In addition, firm managers (entrepreneurs), whose endowment is t
access to investment opportunities, are also residual claimants, being subord
(in a sense to be made precise) both to debt-holders and outside equity-hol
And, as we demonstrate, the claims held by firm management result in a man
rial compensation scheme which is easily rendered consistent with several styl
facts, and which gives management no general incentives to maximize sharehe
value.

What s of greatest interest about this environment, of course, is that it deliver:
optimal mix of debt and equity to be used in obtaining external finance. This optir
mix of claims depends on several factors, some of which the firm chooses,
some of which are exogenous to the firm (or the economy). For given paramet
we show that there is a functional relationship between the firm’s asset structure
its liability structure. In particular, as the insight provided by the CSV literatul
would suggest, the use of investment technologies with unobservable returr
associated with debt, while the use of investment technologies with observe
returns enables equity finance to be viable. The relationship between the struc
of assets and liabilities validates the ancient belief that certain kinds of investme
are optimally funded using certain kinds of liability issues.

Interms of factors which are exogenous to the firm, we provide conditions un
which the optimal amount of debt finance decreases with monitoring costs. W
these costs are sufficiently high, it may be optimal for firms to be financed entir
with equity, and indeed it may be infeasible for them to be financed entirely w
debt. We state conditions under which 100% debt finance is infeasible for a fi
under these conditions a firm which was precluded from issuing liabilities witf
sufficient degree of state contingency would be unable to operate. This provi
an additional sense in which the ability to issue equity—even in potentially sm
amounts—can be highly beneficial to a firm.

We also show that factors that are irrelevant to resource allocationsoare
irrelevant to the liability structure of the firm. For example, with risk-neutral ager
all resource allocations depend on the distribution of returns on the observ:
returninvestment technologylythrough its mean. However, the debt—equity ratic
depends on the entire distribution of returns on this technology. Thus, for exam
mean-preserving spreads in this distribution are irrelevant to asset allocations
are far from irrelevant to the composition of firm liabilities. We investigate th
relationship between risk and liability structure in some detail and illustrate
example the possibility that increasing the risk associated with returns on
observable return technology (for a constant mean return) increases the rat
equity issued to debt.
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As should be apparent from this discussion, the environment we describe viol
the Modigliani—Miller theorem and delivers an optimal debt—equity ratio for eac
firm (or for all firms). Why is it useful to firms to issue one particular mix of debtan
equity as opposed to any other? The answer has to do with the nature of invest
responses to the presence of the CSV problem. By assumption, the observ
return investment technology has a lower expected return, gross of monitor
costs, than the unobservable return technology does. However, its use per
firms to reduce verification costs. In particular, payments to equity-holders can
conditioned on the returns to investments in the observable return technology
order to enable the firm to reduce its expected monitoring costs, equity-hold
give up resources when the return on the observable return technology is low
exchange, they receive compensating payments when the return on this technc
is high. Moreover, the amount that equity-holders give up (or receive) varies w
the outcome of investments in the observable return technology; on average al
given up when this returnis low, and by way of compensation a lot is received wh
this return is high. These “transfers” of resources across different return ste
permit the firm to optimally “smooth” monitoring costs across states. In effec
outside equity-holders allow the firm to use the funds they provide as “collater:
or “internal finance;” the value of both devices in mitigating CSV problems is we
known (Bernanke and Gertler, 1989; Boyd and Smith, 1997,1998a). In this wa)
is useful to a firm to have a class of external equity claimants, while it also will wis
to issue some debt for reasons that are familiar from the standard CSV literatt

The analysis we have just described also provides several ingredients for a se
(Boyd and Smith, 1998b), which examines the evolution of debt and equity mar|
activity as an economy moves along a growth path. In particular, the econo
of this paper can be embedded in the neoclassical growth model of Diamc
(1965). Under some assumptions about the form taken by monitoring costs, a
economy accumulates capital firms will perceive relative costs of monitoring tt
change over time. These shifts in perceived (relative) monitoring costs will alter t
equilibrium composition of investment, and the equilibrium debt/equity ratio
an economy develops. Boyd and Smith (1998b) suggests that the typical expe
pattern of development will be that equity markets become increasingly active a
economy grows and that the composition of investment will become increasin
heavily weighted in favor of the observable return technology. Certainly the fornr
prediction is well supported by observation.

The rest of the study proceeds as follows. Section 1 sets out the model
vironment. Section 2 describes the financing of investment and defines fund
contracts. This section also describes the optimal composition of investment.
tion 3 reviews optimal contracts in the standard CSV environment, and contre
them with optimal contracts in our modified environment. It also shows how :
optimal contractual arrangement can be supported by having a firm issue ap
priately selected amounts of debt and equity. Section 4 provides some numel
examples indicating how the amount of debt finance (and the debt/equity ra
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depend on the cost of monitoring and on the risk associated with the various inv
ment technologies. Finally, Section 5 summarizes, offers some conclusions,
relates our results to those obtained in some of the other literature on the opti
composition of firm financial structure.

1. THE MODEL

We consider a two-period economy. Agents in this economy are divided it
two types, which we term borrowers and lenders. All borrowers (lenders)
identical, ex ante, and borrowers (lenders) constitute a fraatio(0, 1) (1— «)
of the population. Lenders are endowed with one unit of a single good in 1
first period. Borrowers are endowed with none of this good, but they do owr
firm which is endowed with access to individual-specific, high-return investme
projects, which are described below. All agents, both borrowers and lenders,
assumed to be risk-neutral, and to care only about second period consu#nptio

Investment can occur in the first period using one or more of the following thr
technologies. First, there is a commonly available, nonstochastic linear tech
ogy whereby one unit invested in the first period yields O units of output in
period 24 In addition, there are two stochastic linear technologies that convert ¢
rent investment into future output. Technology o (for observable return) produ
y units of output in period 2 per unit invested in period 1, wherean iid random
variable which is realized at the beginning of the second period. We assume
ye{vi, Vo, ..., Yn}, and we letp, = prob(y = y;,).5 Obviously 0< p, <1 for all
n, and)_ p,=1. Finally, we assume that for any investor the return yielded t
investments in technology o is publicly observable (at zero cost).

Technology u (for unobservable return) is assumed to produgsts in period 2
per unit invested at the first date. is assumed to be a continuous, iid randon
variable with cdfG and pdfg.6 g is assumed to be continuously differentiable
and to have support [@]. In addition, the return on investments in technology
can be observed (by any agent other than the initiating investor) only by bearir
fixed cost ofy > 0 units of the current consumption good. Thus a standard cos
state verification (CSV) problem arises for investments in technology u.

3 There is no difficulty created by giving lenders more general utility functions and letting them me
a nontrivial consumption—savings decision. However, this adds to notational requirements wit
yielding any additional insights. Thus we retain the simpler specification of the text.

4 0ur subsequent assumptions will imply that the supply of savings in this economy exceeds
quantity of funds that borrowers can absorb. Hence “excess” savings will be invested in this technol
This set of assumptions fixes the opportunity cost of external funds at r, so that there is no nee
determine a market rate of interest on “deposits.” A similar specification is employed by Bernanke
Gertler (1989), and for exactly the same reason.

5 Assuming a discrete return distribution associated with this technology results in some techr
simplification of the analysis.

6 Thus, in particular, the returns on the two technologies are independent. We comment beloy
how the analysis would be affected by relaxing this independence assumption.
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Only borrowers/firms are endowed with access to the investment technologie
and u, and ownership of these investment opportunities cannot be traded. In pa
ular, only the agent who is endowed with a specific project can operate it. Moreoy
asis typicalin CSV models (with fixed verification costs), we willimpose an upp
bound on the scale at which any firm can operate the investment technologies.
we leti® (i) be investment in technology o(u) by a representative firm, and we |
i =i°+i" Then each firm faces the maximum scale of operation constraiqt
whereq is an exogenously given parameter. Finally, we also assumé®thad
andi¥ > 0 must hold. For future reference, we defihe i°/i to be the fraction of
total investment done in technology o by a representative firm. Cléal\p, 1]
must hold.

In the analysis that follows, we assume that, at the beginning of period 1, e:
borrower is endowed with ownership of a single firm, as well as of a single inve
ment project. We also assume that each borrower can create additional firms
notadditional projects) if so desired. However, the creation of each additional fil
results in a fixed cosF > 0. The introduction of this cost implies that a project
owner will not choose to create two or more firms, with one operating project
and being 100% equity-financed and with another operating project u and be
100% debt-financed. For our purpogegan be taken to be arbitrarily small.

With respect to the investment technologies, defire >, pnyn to be the
expected gross return on investments in technology o and

W= /Ow wg(w) dw

to be the expected gross return, not inclusive of verification costs, on investme
in technology u. We assume that

w>Y>r. (a.1)

Thus the commonly available investment technology is relatively unproductiy
Since borrowers have no wealth endowment, they must obviously rely on exter
finance in order to fund their investments. Lenders can either provide this extel
finance to borrowers or invest in the inferior, commonly available productic
technology, or both. We now describe how this trade occurs.

2. FINANCING OF INVESTMENT

At this point we assume that borrowers obtain external funds by announc
general contracts specifying how repayments will occur in various contingenci

7 F represents any costs associated with the process of establishing a new firm. Parenthetica
does not affect our results if a borrower also faces a (small) fixed cost in establishing an initial firn
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These contracts should be regarded as abstract objects; in Section 3 we des
how equilibrium contracts can be supported through the use of debt and eq
markets. We also assume throughout that borrowers confront no credit rattoni
or in other words, that the supply of funds by lenders is always at least as g
as the demand for funds by borrowers. The supply of funds by lenders-ig)1

while the maximum demand for funds by borrowerais Hence we assume that

1-a)>aq. (a.2)

When (a.2) holds, any marginal savings must be invested in the commonly avail:
technology, yielding units of consumption per unitinvested. Thus the opportuni
cost of funds ig, which is a parameter of the economy.

A. Funding Contracts

A funding contract specifies a quantity of resources that will be transferred
a particular borroweri§, as well as how these resources will be allocated amol
technologies o and uln addition, the contract specifies a set of state continge
repayments. Since the retuyris publicly observable, repayments can always b
made contingent on it. However, since the returcan only be observed exter-
nally if monitoring (or verification) occurs, repayments can meaningfully be ma
contingent orw only if state verification occurs. Hence a contract must speci
a set of stated\(y) ([0, w] — A(y) = B(y)) in which monitoring will (will not)
occur; this set can obviously be conditionedyotin monitoring states, repayment
can be made contingent an We letR(w, y) be the promised repayment, per uni
borrowed, ifw € A(y). In addition, we lek(y) be the promised repayment, per unit
borrowed, ifw € B(y). Notice that we have restricted attention to nonstochast
monitoring?® Furthermore, we assume that the funding contract specifies a se
agents who are responsible for monitoring (if necessary), so that there is nev
necessity for a duplication of monitoring effdtt.

Funding contracts are assumed to be announced by borrowers, and such con
are then either accepted or rejected by lenders. In order to avoid rejection, ¢
contracts must satisfy a set of constraints, which we now describe.

First, contracts must be feasible or, in other words, specify nonnegative c
sumption levels for borrowers. They must also specify nonnegative repayme

8 Credit rationing in this context is described by Gale and Hellwig (1985) and Williamson (198
1987).

9Since§ >r, a borrower will never invest in the commonly available technology. Also, note th:
we are assuming thatandd are observable objects for external investors.

10\WWhile this is a real restriction, Boyd and Smith (1994a) have shown that—for realistic parame
values—the utility gains resulting from stochastic monitoring are negligible.

11 For a further discussion of the issue of duplication of monitoring, see Diamond (1984), Boyd
Prescott (1986), Williamson (1986), or Krasa and Villamil (1992).
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Thus

0<Rw,y) =[0y+(1-0)w]; weAly) (1.a)

0<x(y) < inf [0y+ (11— 09)w] (1.b)
weB(y)

must hold. Second, contracts must be incentive compatible, so that borrowers

an incentive to announce truthfully when a monitoring state has occurred. Tt

will do so iff repayments are lower in monitoring than in nonmonitoring state

Therefore the incentive constraint takes the form

R(w,y) < x(y), Yw e A(Y). (2

Finally, since lenders can always invest in the commonly available technology,
expected repayment—per unit borrowed—must at least equal the opportunity ¢
of fundsr plus monitoring costs (which without loss of generality we assume a
born by lenders)? Thus contractual repayments must satisfy the expected rett
constraint

e / RO o) + 3P f X(yn)g(w) duw | i

we A(Yn) weB(yn)

> m [ gw)duzri 3)
n weA(Yn)
Borrowers announce funding contract terms to maximize their own expect
utility, subject to the constraints (1)—(3). The expected utility of a borrower, :
a function of contract terms, is simply the expected return on the borrower’s |

vestments, less the expected repayment implied by the contract. Thus borrov
choose contract terms to maximize

{103 +@-0al - Y [ Rw. ygw)du

weA(Yn)

“Sp [ xome)du

weB(yn)
subject to (1)—(3).

12f external investment is intermediated through banks or mutual funds, or if external investors
sufficiently well diversified, then these investors will always have sufficient resources to fund st
verification. See footnote 20 below.
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Observing that (3) must hold with equality at an optimum, this problem can
transformed as follows. Substituting (3)—at equality—into the objective functic
yields the alternative maximand

109+ @-0)d~r] -y pn [ glu)du

A(Yn)

which the borrower seeks to optimize by choicé,af, and A(y,), subject to (1)
and (2). We now make several observations about the solution to the borrow
problem, which are summarized in the following lemma.

LEMMA 1. The solution to the borrower’s problem has

@ i=q
(b) A(yn) =0, 20550
and

(©) R(w, yn)=0yn+ (1 —0)w; w € A(Yn).

The Proof of Lemma 1 appears in Appendix¥.emma 1 asserts that borrowers
always invest up to their maximum scale of operation. This is optimal becal
the fixed monitoring cost yields an element of increasing returns. In additic
they repayx(yy) if it is feasible to do so, in which case no monitoring occurs
If it is infeasible to repayx(y,) (which occurs iffw € A(y,), as defined in (b)),
then monitoring takes place. Part (c) of the lemma says that if monitoring occt
providers of external funding receive the entire net of monitoring cost procee
of the borrower’s investments. These features of an optimal contract are part
parcel of minimizing expected monitoring costs.

In order to further characterize optimal funding contracts, it will be useful 1
make the following transformation. Define

Zn = {X(Yn) = O¥n}/(1—6); n=1,... N, (4)
Monitoring occurs, conditional op = y;, iff w < z,. In addition, define the func-
tion z(9; ¥) by

2(0;y) = argm (1-9) / wg(w)dw + (1 -6)z[1 - G(2)] - ¥ GC(@) ¢ . (5)
0

wherey =y /q is the cost of monitoring, relative to the size of the investmer
project. Lemma 1 then implies th&i(y,) =[O0, z,) for all n. And, Appendix C
establishes the following result.

13 parenthetically, it is straightforward but tedious to show (@) > 8y, must hold for alln, so
that A(yn) is well defined.
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LEMMA 2.

(a) The optimal vectofzy, z,, ..., zy) satisfies g < z(9; ), for all n.
(b) z(9; ) < z(0;) holds for all 6. Thus z < z(0; ) also holds for all n.

Z(9; ) is the critical choice of when to monitor which maximizes a lender’
expected return, conditional @andy . Lemma 2 asserts that a firm should nevel
be monitored more often than maximization of lenders’ expected returns requit

Our strategy will now be to fix a valug e [0, 1) arbitrarily, and for that value
of 6 to find the optimal valuesz(, z,, ..., zy).** Having obtained these values as
a function ofé, we will then turn to the problem of finding the value ®that
maximizes the borrower’s expected utility. In doing so we will typically focus ol
interior optima, although we will periodically comment on how the analysis woul
be affected by relaxing this focus.

In order to pursue this strategy, it will be useful to make assumptions implyil
that the borrower’s objective function is concave in, and that the constraint
is convex with respect toz{, z, ..., zy), at least over “relevant” values of this
vector. The following assumption implies the satisfaction of both conditions

g'(w) =0, Vw € [0, Z(0;y)]. (a.3)

According to standard usages inthe CSV literature, a firm&th0 is bankrupt
iff w < z(0;v). For a symmetric, unimodal return distribution, assumption (a.:
simply requires that a bankruptcy cannot occur when the firm’s return exceeds
median return. Thus we do not regard (a.3) as a strong assumption.
Appendix B establishes that the optimal choicas®,, . . ., zy) solve the prob-
lem

maxfy+ (1—0)w —r —y Z PnG(zn) P)

subject to

Zn

09+1—0)> pn / wg(w) dw + (1 - 0) 3 pzall — Gzl
n 0 n
—¥ Y pnG(z0) =T (6)

14 Note that we are implicitly assuming that a solution exists fopal[0, 1]. A necessary (but not
sufficient) condition for this to be the case is th§k(0; v), 0; ] > r, where the functior is as defined
in Eq. (10) below. If this condition is violated, then the problem (P) below will have no solution if wi
setd “too low.” Our assumptions do imply that this problem always has a solutiénsfsufficiently
large. For the present we assume that it is feasible aeywhere in the unit interval. We explore—in
the context of some examples—what happens when this is not feasible in Section 4.
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andz, € [0, z(0; ¥)], taking® € [0, 1) as given. Lek denote the Lagrange multi-
plier associated with the constraint (6). Then, under (a.3), the following conditic
are necessary and sufficient for an interior optimam:

9(z0)/{(1 - 0)1 - G(z)] —v9(z)} =4 n=1....N. @)

Since (a.3) implies that the left-hand side of (7) is strictly increasing,ithe N
conditions in (7) imply that, is independent of or, in other words, that

Z1=2=...=2y = 2(0; V). (8)

Given the independence of returns on the two technologies, Eq. (8) asserts the
optimal “smoothing” of monitoring across states involves having the probabill
of monitoring be independent of the realizationyofAnd, the functiorg(@; v) in

(8) is the common value df,, givend andvy, that satisfies the expected returr
constraint at equality. Thus, in particulad; ) is implicitly defined by

20:Yr)
69 + (1 0) / wg(w) dw + (L — 6)2(6; ¥){1 — G[z(6; )]}
0

—¥G[z(6;y)] =r. 9)

If we define the functionr(z, 9; ) by
7(z,0;¢)=(1-90) / wg(w)dw + (1 — 0)Z[1 — G(2)] — v G(2), (20)
0

then (9) reduces to

w[z(0;¢),0;¢¥] =r —69. (11)

The functionz, and the determination af(0; v), are depicted in Fig. 1. As-
sumption (a.3) implies that is concave ire (for “relevant” values ofz, and for
all 9), and

m1(0,6;v¢) >0 (a.4)

15|f there is no interior optimum, then it is straightforward to show tha& Z(6; ¥) holds, for alln.
Also, it is clear from Eq. (7) that we do not need a condition as strong as (a.3) to guarantee tha
optimal choice ofz, is independent ofi. All we need is that the distribution of returmsdisplays an
increasing hazard rate that is sufficiently large for large values. &finally, we note that the optimal
choice ofz, will not typically be independent af if y andw are not independently distributed.
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n(z.0:y)

0 z(0;y) z
FIG. 1. The functionz.

implies thatr is increasing az=0. Moreover, if Eq. (11) has more than one
solution, then the criterion of minimizing expected monitoring costs dictates tf
the smallest solution is the relevant one. Thus (since credit is not rationed),

m[z(0;¥), 0,91 >0 12)
holds. Evidentlyz(9; ) < z(0; ) is also satisfied at an interior optimum.

It is now possible to describe the borrower’s optimal choic@ .obefine the
functionH (6; ¥) by

HO:¥) =0y + (1 —0)w—r1 —yG[z(6; ¥)].

Then, substituting (8) into the maximand in (P), it is apparent that a borrower w
choosé to solve the problem

max H(©; ¥). (P.1)

The solution to this problem gives the optimal composition of investment for
representative borrower. This composition is characterized in the next section
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B. The Optimal Composition of Investment

Prior to describing the borrower’s optimal choicefoft will be useful to make
some observations about the conditions which that choice must satisfy. TF
conditions are stated in the following lemmas. (Proofs appear in the Appendix

LEMMA 3. 6 <r/y <1holds.

As shown in Appendix Bz(r /¥; v) = 0 holds, so whefi =r /¥, no monitoring
costs are incurred. It can therefore never be optimal t@set /¥y, since this
decreases the expected return on investménts-[(1 — 6)w] without reducing
the expected costs of state verification.

Lemma 3 implies thad < [0, r/§]. It will now be useful to state conditions
implying the existence of an interior optimum fér

LEMMA 4. 6 <(0,r/9) holds if
@) y—w—vg0)z(r/y;4)<0
and
(b) y—w—¢9(2)z(0;y) >0
both hold, wheré& is defined by
n(Z,0;¢) =r. (13)
Condition (a) is equivalent to
(w = 9UY —r)/¥ = v9(0)] > ¥ §9(0). (P.14)

Condition (b) is equivalent to

[y —r —vG@]v9@) > (0 - Y1 - G — ¥a(2)]. (P.15)

Condition (a) asserts th&t(0; ) is decreasing ifd atd =r /¥y, while (b) implies
that the same function is increasingdnat 6 = 0. Loosely speaking, condition
(a) holds if monitoring costs are sufficiently small in a neighborhoofliefr /.
Condition (b) holds if monitoring costs are sufficiently large relative to the expect
return differential (" — §) até = 0. When these conditions hold, the maximand i
(P.1) has something like the configuration depicted in Fig. 2 (top), and the optir
choice off is in the interior of [Qr/¥].

167 is the critical value ofv that triggers monitoring wheth= 0. As such, it is simply the conventional
gross interest rate associated with a standard debt contract in more typical CSV models (for exa
Gale and Hellwig, 1985, and Williamson 1986, 1987).
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H(8:y)

D e —————

1/ 0

H (6:y)

0 0 0y 0

FIG. 2. Borrower's objective functions.

An alternative strategy for guaranteeing the existence of an interior optimurn
to assume thatl (9; 1) is decreasing id atd =r /¥y and to assume that

H(O;¥) < H(r/¥;v). (P.16)

Equation (16) implies that it cannot be optimal to&et 0, while (14) againimplies
that it cannot be optimal to sét=r/y. (16) is equivalent to the more primitive
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assumption

r(w—9)/y < vG(). (16)

(16) (or (18)) implies that the functiotd has the configuration depicted in Fig. 2
(bottom). We henceforth assume that (14) and either (15) or (16)-haltlof our
numerical examples have the configuration represented in Fig. 2 (top).

Under assumptions implying the existence of an interior optimum, the choice
0 that maximizes the expected utility of a representative borrower—denoted h
by 6*—satisfies the first order condition

=y o[z(0%; )20 ¥) =w -V, 17)
where
z(0;¥) = —{Y + ma[z(0; ), 0; v 1} /ma[2(6; ¥), 65 ¥]. (18)
In addition,0* must satisfy the second-order condition
—vglz(0" W20 ) — v g [z Y[ze ¥))* < 0. (19)
The equilibrium choice of* is depicted in Fig. 2 (top and bottom). The optimal
choiced* trades off the higher expected return on investments available from

use of technology with the higher monitoring costs incurred due to the increase
utilization of that technology.

1. The Dependence 6f on Costs of Monitoring

It will be useful for future reference to know ho#/ depends on the relative
monitoring cost variabl¢ = y /g. Equations (17) and (19) imply the existence o
a functionT such that

0* =T(¥). (20)

We now state

LEMMA 5. (a)Suppose that

210", Y) + vz1200"; ) + ¥ {g'[2(0%; ¥)1/9[2(0™; )]} z1(0™; ¥)Za(6"; ¥) < O.
(21)

Then T(y) > 0.

17 The consequences of relaxing (15) or (16) are discussed in Section 4.
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(b) Equation(21) holds if z»(0*; ¥) < 0. A sufficient condition for this is that

@ — (Y —r)/9] — valz@*; ¥)]} = v /4.8 (22)

The proof of Lemma 5 appears in Appendix F. Lemma 5 describes conditic
under which T’(¥) > 0 or, in other words, under which an increase in the relativ
cost of state verification leads to heavier use of the investment technology with
observable return. Equation (22)—which we emphasize is merely a weak suffici
condition forT’(y) > 0 to hold—obtains if the return differential on technologies t
and o (v — V) is sufficiently large relative to the marginal expected monitoring co:
¥g[z(0*; ¥)]. Certainly it is intuitively plausible that as state verification become
more expensive, investors should optimally make greater use of the investn
technology that does not require state verification. And, indeed, this is a featur:
all of our numerical examples.

3. EXTERNAL FINANCING THROUGH DEBT AND EQUITY ISSUES

In this section we show how a borrower can implement the optimal fundir
contract described in Section 2 through the issuance of debt and equity. We
show how the debt—equity ratio of an individual borrower is related to the asset s
of the borrower’s balance sheet. In particular, the debt—equity ratio of any borrov
will be related to the composition of that borrower’s investments in technologi
0 and u in a manner we now describe.

Before doing so, we begin with a discussion of standard debt contracts in C
models in order to motivate our interpretation of borrowers’ external financing.

A. Standard Debt Contracts

The environment we consider differs from the more typical CSV models
Gale and Hellwig (1985) and Williamson (1986, 1987) in only one respect. In tho
models, borrowers have access to only a single investment technology (technol
u). In our context, this could be interpreted as constraifiitmbe identically zero
at each date. Then=z(0; ) = Z would hold, and from Eq. (4), so woukd=Z.
Hence contracts between borrowers and lenders will specify a fixed repaythent
if this is feasible. If it is infeasible to make this fixed repayment, lenders verify tf
project return and retain the entire proceeds of the project net of monitoring c
X is often interpreted as a gross interest rate, and a failure to repay principal |
interest is often interpreted as bankruptcy. Under this interpretation, the optir
funding contract is associated with a “standard debt contract,” and if this contr

18 Note the relative similarity of conditions (14) and (22). Both assert that the return differenti
w — ¥ must be sufficiently large relative to the marginal expected monitoring cost. Of course (14) &
(22) evaluate this marginal cost at different values .of
19 For noninterior optima, it is straightforward to show tH&(y) > 0 necessarily holds.
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requires investments by more than one lender, it is typical to think of lending
being intermediated in order to avoid duplication of monitoring effort (Diamon
1984; Williamson, 1986).

When investors have access to two technologies, we think that the interprets
just given extends naturally to interpreting an optimal funding contract as involvi
the issue of debt and equity. In particular, applying conventional terminology frc
the CSV literature, define debt to be a liability with the following properties. De
either pays a return which is not contingent on firm performance or, if a fix
obligation is not met, debt-holders monitor the firm and retain the entire proce
of the firm’s investments (net of monitoring cost). Of course firm debt may be he
by a bank—as in Diamond (1984) and Williamson (1986)—to avoid duplicatic
of monitoring activity by debt-holders.

This (standard) definition of debt, along with the optimal repayment schedu
derived above, implies that each firm has a class of external residual claima
The claim they hold resembles conventional equity. In particular, if firm profi
are too low to fully honor the firm’s debt obligations, then equity-holders recei
nothing. On the other hand, when all debt claims are honored, external eqt
holders receive a payment based on firm performance. The connection betv
firm performance and payments to this class of claimant validates the interpreta
of these claims as equity.

Under these definitions of debt and equity, the debt—equity ratio of an individ
firm (borrower) is uniquely determined. We now describe how the composition
firm liabilities is determined.

B. Debt and Equity Issues

Recall that an optimal funding contract calls for a (per unit borrowed) repaym
of x(y) if the return on investments in technology oyignd if state verification
doesnotoccur. Then from Eq. (4),

x(y) = (1 - 626" v) + 6"y (23)

in nonmonitoring states. Notice that this promised repayment is the sum of t
terms; one [(- 6%)z(6*; ¥)] which is not contingent in any way on firm perfor-

mance, and on&{y) which depends on that component of firm performange (
which is observable in a nonmonitoring state. The definition of a standard d
contract directs us to term the first component “payments to debt-holders” (
unit borrowed) in nonmonitoring states, while the second component is payme
to external equity-holders in such staté8Vhen each of these payments is mad
by the firm, all additional firm output is retained by the insider owner/manager

201 y andw are not independently distributed, it will still be the case that the firm repayment functi
consists of a constant component and a component that depegds monmonitoring states. Thus the
firm’s liabilities can still be decomposed into a combination of debt and equity. However, the optir
repayment schedule will not be linearynas in Eq. (23).
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Now suppose thatthe return on the firm’sinvestmentin technalagy € A(y).
We must then describe how monitoring occurs. Following the definition of a sta
dard debt contract, debt-holders are “paid first.” If it is infeasible to make tot
payments to debt-holders qfl — 6*)z(6*; v), then the owners of this debt (the
“owners” may be a bank, as described by Williamson, 1986) monitor and beco
residual claimants on investment returns. Monitoring effort is not duplicated.

If the returns on investments are large enough to reoay- 6*)z(0*; ), butare
notlarge enough to repayx(y), then debt-holders are fully repaid while equity-
holders receive less thay®*y. Since an optimal funding contract stipulates tha
monitoring must occur, and since debt-holders are fully repaid, this monitori
must be performed by the firm’s equity-holders. Equity- holders therefore veri
the return on investments in technology u, and they retain all firm income (net
monitoring costs), less payments to debt-holders. We assume that equity-hol
can coordinate their monitoring activity, again avoiding duplication of monitorin
effort.2:

This situation is depicted in Fig. 3 for a particular fixed valugyoGiven the
repayment schedule specified in part (c) of Lemma 1, it is infeasible to pay de
holdersq(1 — 6*)z(6*; v) iff

w = Z(0%9) — [07/(1—67)]y. (24)
Define the functiond (0, y; v) by

J@,y;¥) =maxo0, z(0;v) — [6/(1 - 0)]y}. (25)

Then debt-holders are responsible for monitoring i€ [0, J(6*, y; ¥)); in this
region equity-holders receive no repaymentsv K [J (0™, y; ¥), Z(0*; ¥)), then
equity-holders are responsible for monitoring, and the aggregate payment t
receive is simply proportional to the vertical distance between the solid total |
payment schedule, and the horizontal line<(@*)z(6*; ) in the figure. Notice
that, for a fixed value of, equity resembles a type of subordinated debt. Howeve
wheny varies, so does the contingent payment to equity-holders in nonmonitor
states.

2LFor instance, it may be possible for equity-holders to file a class-action suit against the fi
so that monitoring costs are only incurred once. Alternatively, we could think of equity as beil
owned indirectly through a mutual fund, which conducts monitoring activities on behalf of its ow
shareholders. Or, the same end result could be obtained by assuming that monitoring outcome
publicly observable, and that monitoring costs are shared among a large number of equity inves
Parenthetically, it is necessary that equity ownership be arranged so that equity owners always
enough income to cover their obligations with respect to monitoring costs. This can be ensured ei
by assuming that equity-holders are perfectly diversified or by assuming that equity ownershij
intermediated, say through a mutual fund. Both arrangements are consistent with the equilibriun
describe.
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x(y) = (1-6%) z (6%y) + B%y
(1-6) w + 6*y = R(w.y)

x(y)

TOTAL REPAYMENTS

(1-6%) z (B*;y)

B*y

EQUITY HOLDERS
MONITOR

NO MONITORING

I
L]
||||||T 2(0%y) w

DEBT HOLDERS
MONITOR

2(8%:y)-[6+/(1-6%)]y
FIG. 3. Payments to debt and equity holdeydiked).

This interpretation of monitoring, and of which agents perform it, is inconsi
tent with the terminology employed in the existing literature in one significa
way. Specifically, equity-holders cannot literally be construed as forcing firr
into bankruptcy proceedings, and therefore we can no longer refer to all state
which monitoring occurs as “bankruptcy states.” Nonetheless, the interpreta
that some monitoring is done by outside equity-holders does reflect what is
served in practice when firms experience low profits, but are still able to co
their payments to debt-holders. Under these circumstances there is likely to |
conflict between the outside equity-holders and the inside owner-managers.
side equity-holders cannot force bankruptcy, but they can undertake a variet
costly actions against management which, among other things, have the effe
uncovering information about the firm. Such actions include the hiring of ot
side auditors, various attempts to force changes in firm policies, or even atten
to replace the incumbent management. These kinds of actions may be chanr
through the board of directors, or even through formal class action suits, and he
are coordinated among external equity-holders. In the model, of course, all of tf
activities are represented by costly monitoring.
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Parenthetically, the fact that equity-holders (in the aggregate) receive payme
of gf*y in nonmonitoring states may suggest that equity-holders receive a cle
against only a subset of the firm’s assets. This s, in fact, not the case, sinceinm
toring states payments to equity holders eggaly + (1 — 0)w — (1 — 0)z(0; ) —
¥} wheneverw > J(0, y; ¥). Clearly, then, equity-holders have a claim agains
the complete set of returns on firm investments. Payments to equity-holders, h
ever, can (at most) be conditioned giin nonmonitoring states, since that is the
only aspect of firm performance that is observable to them in such states.

1. The Volume of Debt and Equity Issued

Let d denote the value of the debt issued by a representative firm, aatdet
the value of the external equity that the firm sells. In this section we demonstr
that bothd ande are continuous functions éfandvr, and hence that for a fixed
value ofyr, there is a continuous relationship between the composition of a firn
assets and of its liabilities. We begin by discussing ldoande are determined.

d ande must satisfy two conditions. First, the firm must raise enough exterr
financing to fund its investments, so that

d+e=q (26)

must hold. Second, given the way that the responsibilities for monitoring &
allocated among debt-holders and equity-holders, and given the allocation of st
contingent payments to each group, debt-holders and equity-holders must ¢
receive an expected returnrafThus, for example, expected payments to equity
holders, net of monitoring costs, must egeal

We now describe how much equity (and, by implication, how much debt)
firm will issue for each possible value éfe [0, r /§]. Under our interpretation of
payments to debt and equity in nonmonitoring states, debt-holders are promis:
payment of (- 8)z(6; ) in such states, while equity-holders are promiggd

Suppose first that € [0, J(, y; ¥)). Then debt-holders are responsible for
monitoring, and equity-holders receive no payments. However, when
[J0,y;v¥), z(0; ¥)), equity-holders are responsible for monitoring and they re
ceive the entire net-of-monitoring-cost proceeds of the firm's investments, Ie
payments to debt-holders. Thus, in these states, the total payment to eqt
holders, net of monitoring costs, @0y + (1 — 8)w — (1 — 0)z(0; ) — ¥}. (No-
tice that this payment represents, in effect, a liquidating dividend.) The prok
bility of this contingency occurring, conditional on=y;, is of course simply
G[z(®; ¥)] — G[I(®, yn; ¥)]. Finally, if w > z(6; ), which occurs with probabil-
ity 1 — G[z(0; ¥)], no monitoring occurs, and total payments to equity-holders i
statey areqdy. Thus equity-holders earn an expected returniff e satisfie&

22f the expected return on equityiis the expected return constraint (11) implies that the expecte
return on debt is alsp, since (11) guarantees that all external funds earn that return in the aggrega
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re/q = 0y{1— G[z(6; ¥)]}

2(0;9)
£ e [ Do+ @0 - @ 0)200: WlgGu) du
NGRS
— > P {G[2(0; )] — GLI(O, yni Y]} 27)

Equations (26) and (27) determine the amount of debt and equity issued by
firm as a function of its choice di. It is straightforward to show that, for all
0 €[0,r/¥],e/qelO0, 1].

We now establish how the quantity of external equity issued by a representa
firm is related to its choice df.

PrROPOSITIONL. (@)e satisfies
e= (q/r){r 3 balL— O)[2(60: %) — 30, Y )]
— > e[, yn;w),e;w]} = E@©;v). (28)

(b) The function E is differentiable &8; ) iff z(0; ¥)[(1 — 6)/6] # v, for any
n.

(c) E is differentiable ato, ) if 0 is sufficiently near zero or sufficiently near
r/y. Foro near zero or vy, E1(0; ) > 0.

(d) E(0;¢)=0. E(r/¥;9) =q.

(e) Suppose #0;v) <0 holds. Then if E is differentiable afo, v),
Ei1(0; ) > 0 holds if

m[2(0; %), 0;¥]1 = 6(1 — 0){1— G[I(O, yn; ¥)]} (29)
is satisfied for all n such that(@, y,; ¥) > 0. A sufficient condition fo(29) is
m1[2(0; ¥), 6; ¥] > 0.25. (30)

(f) Suppose B; v) is differentiable a(9, v). Then B(0; ) <O.

The proof of Proposition 1 is given in the Appendix.

Proposition 1 demonstrates that, from the standpoint of an individual borrow
the choice of is equivalentto the choice of how much equity to issue. Equity issu
vary continuously witl®, and Proposition 1 describes conditions under which the
vary monotonically with¢ as well. The conditions stated in Proposition 1 are als
merely sufficiency conditions fog andé to be monotonically related, and they
are generally much stronger than what would be needed for such a relations
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Thus we conjecture that a monotonic relationship betweando will typically
be observed, and this is certainly the case in the examples we examine in Secti

An additional point that is worthy of note emerges from an examination ¢
Eqg. (28). In particular, the debt—equity ratio of any firm depends not just on t
mean returns on technologies o and u; it depends on the entire distributjon o
Thus aspects of return distributions that are irrelevant to resource allocations |
allocation of investment depends anahdy alone) will affect the firm’s equilib-
rium capital structure. The issue of how the distribution of returns on technolog;
affects the optimal debt—equity ratio is in general not straightforward. We illustre
this point by example in Section 4.

To summarize, here the use of technology u is associated with debt financing
in the standard CSV literature, while the use of technology o allows equity finan
to be viable, since it does not require state verification. Thus the more heavily fir
invest in technology o, the more equity they will issue.

2. Debt and Equity Issues in Equilibrium

In equilibrium, the amount of equity issued by a firm is given by

E@*;v)=E[TW); y]1=E®). (31)

If E is differentiable atq*, v), thenE is differentiable at, and
E'(¥) = E(6%; ¥)T'(¥) + E2(67; ). (32)

If E1(6*;¢) > 0andT’(y) > 0 both hold, then how the quantity of equity issuec
varies with monitoring costs will generally be ambiguous. In Section 4 we explo
via example hovi (v ) varies withy . Our examples indicate that higher monitoring
costs will typically lead to the increased use of equity finance, soEhist an
increasing function.

3. The Claims of “Insiders”

In order to complete our discussion of claims against firm income, it remai
to discuss the payments received by the entrepreneur operating a particular
Note that these payments differ from payments received by external equity-holc
in two ways: (a) ifw ¢ A(yn), then entrepreneurial compensation depends on
alone, whereas the payments to outside equity-holders depegdatume, and
(b) if weldO,y; V), z(0;v)), then external equity-holders receive some pay
ment, while the manager of the firm receives no payment. As this discussion
dicates, the interests of “management” are not typically aligned with the intere
of external equity-holders. Hence there is no reason to expect that entreprene
decisions will typically lead to a maximization of shareholder value.

Inaddition, if the right to returns on investments in projeetin excess of claims
by outsiders—is interpreted as managerial equity, then we have the following res
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When6* is relatively large, “management” will own a relatively small fraction of
total equity—a result consistent with the empirical observations of Jensen
Murphy (1990) or Mikkelsoret al. (1997). Nonetheless, managerial income fron
equity ownership is still large relative to other forms of managerial compensat
(which here are nonexistent). This is consistent with the findings of Jensen
Murphy (1990). Thus our model seems to be capable of confronting these brc
brush features of managerial compensation.

4. Extensions

One obvious question raised by this analysis is as follows: how would c
characterization of firm finance be altered if the firm were an ongoing conce
Or, more specifically, suppose that firm investments generate revenues ov
span of T > 1 periods, so that the firm must be engaged in a repeated seque
of interactions with agents providing external finance. What would an optin
contractual arrangement then look like?

This question is an intrinsically difficult one. The decision to monitor or nc
monitor unobservable investment returns in any period introduces a honconve
that is not easily dealt witf®. However, based in part on results in Smith an
Wang (1998), it is possible to offer some conjectures. First, in any period wh
monitoring does not occur, payments to external investors will have a const
component, and a component that dependy dand possibly the past history
of firm performance). Thus there will be an interpretation that external finar
consists of a combination of debt and equity. Second, the claims of outsider:
the observable component of returns may vary over time. This could be viewe
asserting that firm management is given some discretion to vary dividend paym
with the history of firm performance. However, changes in dividend payments v
be related to future claims to income streams of external debt and equity-hold
Third, in some periods where firm returns are low, agents providing external final
may offer an additional infusion of funds, rather than monitor unobservable retur
Thus the composition of external debt and equity need not be constant over ti
However, fourth—and probably most importantly—if monitoring costs are not tc
large, the optimal contract will just be a sequence of one-period contracts. Hel
for monitoring costs that are not too large, we would expect all of our results
survive intact in a setting where the firm is an ongoing concern.

4. Some Examples

In this section we produce a class of numerical examples illustrating the
sults discussed in Sections 2 and 3. The examples are all based on the folloy

23 One can randomize the decision to monitor, thereby eliminating the nonconvexity. Butsif
finite, this will imply that the optimal contracts entered into by firms bear no relation to any obsen
real world contracts. See Boyd and Smith (1994) for a discussion of what optimal contracts might |
like in the terminal period if random monitoring is introduced.
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In addition, we set =4/w?, so thatG(w) = 1. For this distributionw™= w/2.

The density function described in Eq. (33) is depicted in Fig. 4. We have opt
to use a triangular distribution fay because it represents a simple (and tractable
piecewise linear, symmetric distribution ferwhich places relatively little weight
in the tails of the distribution. It seems apparent that this is an empirically mc
interesting distribution of returns to use in generating examples than, say, the €
simpler uniform distribution.

The specification in (33), of course, violates one of our maintained assumptio
thatgis everywhere differentiable. In addition, itis necessary to describe conditic
that must be satisfied by parameter values in order to guarantee that assumj
(a.3) is satisfied. Clearly, satisfaction of (a.3) requires that

Z0; ) < /2. (34)

If (34) is satisfied, theny' exists for all “relevant” values ab, so that this class of
examples satisfies our assumptions “where they matter.”
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We now establish when (34) holds.

ProPOSITION2. Equation(34) (and hence assumptidia.3)) is satisfied iff
¥ >w/a.

Proposition 2 is proved in the Appendix. It asserts that (34) is satisfied
monitoring costs are sulfficiently large.

For this class of examples, and for< w/2, G(w) = (¢ /2)w? holds. In addition,
if (34) holds,

m(z,0;%) = (1—0)z— (1—0)(¢/6)Z° — ¥ (¢/2)Z. (35)

Equations (11) and (35) implicitly define the functief@; v), which is of course
the smallest nonnegative solution to (11) when (35) is used. Moreover, from (
and the first order condition (17), it is possible to obtzi#*; v/) ando* for each
combination of parameter values (¥, r, ¥), while E(6*; ¢) is then given by
Proposition 1 once a distribution fgris specified. As we have noted previously,
z(0*; ) and6* depend on the distribution of only through its meany), but
E(6*; v) depends on the entire distribution wf Thus, changes in the distribu-
tion of y, such as mean-preserving spreads, that |§awealtered may affect the
composition of firm liabilities without affecting the composition of the firm’s in-
vestment activities. This can occur because such changes redistribute the alloc
of monitoring responsibilities between debt- and equity-holders, and the amc
of debt and equity issued must respond accordingly.

ExamPLE 1. For our first set of examples we selected the following parame
valuesw =16 (=w/2),r =0.6, y; =0.01, y, =2.79, andp; = p, = 0.5 (so that
y=1.4). In addition,iy was allowed to vary from 0.81 to 1.03. These paramett
values were chosen to satisfy Eqgs. (14) and (15) wndw/4. In addition, for
these parameters, it is feasible to&etnywhere in the unit interval. Finally, these
parameter values were selected because they deliver the result that anywhere
54 to 73% of external funding is raised by issuing equity (depending on the value
¥). This is similar in magnitude to the percentage of external funds raised throt
equity issues by a wide variety of large U.S. corporations.

Table 1 reports the equilibrium values®f, z* = z(0*; ), andE(0*; /) corre-
sponding to each value ¢f. Also, for comparison, we report the valaie- z(0; ),
which is the value of (in effect, the gross rate of interest) that would have to b
chosen ifo were constrained to be zero (or if there were only one investme
opportunity available, as in the standard CSV literature).

As is apparent from Table 1, for these parameter valisssubstantially larger
than z*, indicating that the use of technology o allows a significant reductic
in monitoring costs. This reduction in monitoring costs results in a very lar
welfare gain for borrowers; indeed it is easy to compute Hhéd; 0.81)=0.845
while H(6*; 0.81)=1.529. Thus fory =0.81, optimal use of the observable returr
investment technology allows for a utility increase of almost 81% over what cot
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TABLE 1
Solutions for Example 1

W b4 z 0* e/q
0.81 0.700 0.383 0.239 0.536
0.83 0.703 0.363 0.252 0.567
0.85 0.706 0.345 0.262 0.593
0.87 0.708 0.330 0.271 0.616
0.89 0.711 0.316 0.279 0.636
0.91 0.715 0.304 0.286 0.653
0.93 0.718 0.292 0.293 0.669
0.95 0.721 0.282 0.299 0.683
0.97 0.724 0.273 0.304 0.696
0.99 0.727 0.264 0.309 0.708
1.01 0.731 0.256 0.313 0.718
1.03 0.734 0.248 0.317 0.728

Note. Other parameter values arev=1.6,r =0.6,y; =
0.01, y» =279, soy = 1.4, andp; = p, =0.5.

be obtained if only technology u were available. (ko 1.03, the comparable
increase in borrower expected utility is 84%.)

As is also clear from Table 1, for this example increasep laad to significant
increases if*. Thus, as is intuitively plausible, increases in monitoring costs lez
to increased use of the observable return investment technology. Moreover, he
monotonic association betweeyq andé is apparent. In particular, increases in
¥ with 6 held fixed would lead to a decline @ q (as suggested by Proposition 1).
However, increases ifi* raise the amount of equity finance here, and they do «
sufficiently strongly so thag/q = E(y) is increasing iny.

Itis also interesting to note thats increasing iny. This resultis to be expected,
sincezy(0; v) > 0 (and hencez,(0; ) > 0) holds. In particular, whe#fi is held
fixed, an increase i requires tha be increased to satisfy the expected retur
constraint. Thus, as in the standard CSV literature, #ikld constant an increase
in monitoring costs requires that the probability of monitorinG{z(0; v)]—
increases as well.

As Table 1 indicates, this result can be overturned when firms are allowec
alter their asset structures. More specifically, increases imiformly result in
reductions inz* for this example. Thus as monitoring costs increase here, tl
probability of monitoring—&[z(6*; v )]—actually declines. This illustrates the
significance of allowing firms to adjust their investments, and demonstrates (
this example) just how powerful an instrumeéntan be for the firm.

Finally, as we have noted, increasegiim Table 1 raise (quite substantially) the
fraction of external funding obtained through issuing equity. This reflects the f
that equity issues provide the same kinds of advantages as collateral or inte
finance. It is certainly intuitive that these advantages increase—and hence
relied upon more heavily—as monitoring costs rise, and the CSV problem becor
correspondingly more severe.
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TABLE 2
Solutions for Example 2

p1 p2 Y1 Y2 e/q
0.700 0.3000 1.4000 1.4000 0.5755
0.7000 0.3000 1.3300 1.5633 0.5755
0.7000 0.3000 1.2600 1.7267 0.5755
0.7000 0.3000 1.1900 1.8900 0.5755
0.7000 0.3000 1.1200 2.0533 0.5755
0.7000 0.3000 1.0500 2.2167 0.5755
0.7000 0.3000 0.9800 2.3800 0.5755
0.7000 0.3000 0.9100 2.5433 0.5756
0.7000 0.3000 0.8400 2.7067 0.5759
0.7000 0.3000 0.7700 2.8700 0.5765
0.7000 0.3000 0.7000 3.0333 0.5774
0.7000 0.3000 0.6300 3.1967 0.5785
0.7000 0.3000 0.5600 3.3600 0.5798
0.7000 0.3000 0.4900 3.5233 0.5815
0.7000 0.3000 0.4200 3.6867 0.5834
0.7000 0.3000 0.3500 3.8500 0.5856
0.7000 0.3000 0.2800 4.0133 0.5880
0.7000 0.3000 0.2100 4.1767 0.5908
0.7000 0.3000 0.1400 4.3400 0.5939
0.7000 0.3000 0.0700 4.5033 0.5972

ExXAMPLE 2. For this example we sabt=1.6,r =0.6, andy=1.4, as in
Example 1. In addition, we s¢t = 0.85, so that our parameter values again satisf
(14), (15), and the condition of Proposition 2. Here we explore the consequence
allowing y; andys, to vary in a mean-preserving spread, withand p, fixed, and
we also examine the consequences of changirgnd p, along withy; andys.

Table 2 reports the equilibrium value efq, for various values of;; andys,,
when p; =0.7 and p, =0.3. (¢* and z* continue to be as reported in Table 1.)
Wheny; =y, =9, 57.55% of external finance is raised by issuing equityyAs
is reduced (angh is increased), the percentage of external finance raised by issu
equity rises (weakly) monotonically, and whgn= 0.07 (withy, = 4.5033) e/q =
0.5972.

Table 3 repeats this experiment, but wjgh=0.95 andp, = 0.05. Evidently,
wheny; =Y, this makes no difference to the amount of equity issued. As b
fore, wheny; is reduced ¥y is increased), the percentage of equity issued ris
monotonically, reaching a value of 60.5% whgn=0.07.

Why does the percentage of external finance raised through equity issues be
in the manner displayed in Tables 2 and 3? Itis easy to show that, f00.9718,
equity-holders perforrall of the monitoring that occurs for these parameter value
Thus, asy; varies between 0.98 and 1&/,q does not vary, as both the expectec
monitoring costs borne and the expected payments received by equity-holder:
independent of; andys.
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TABLE 3
Solutions for Example 2

p1 p2 Y1 )7 e/q
0.9500 0.0500 1.4000 1.4000 0.5755
0.9500 0.0500 1.3300 2.7300 0.5755
0.9500 0.0500 1.2600 4.0600 0.5755
0.9500 0.0500 1.1900 5.3900 0.5755
0.9500 0.0500 1.1200 6.7200 0.5755
0.9500 0.0500 1.0500 8.0500 0.5755
0.9500 0.0500 0.9800 9.3800 0.5755
0.9500 0.0500 0.9100 10.7100 0.5756
0.9500 0.0500 0.8400 12.0400 0.5761
0.9500 0.0500 0.7700 13.3700 0.5769
0.9500 0.0500 0.7000 14.7000 0.5780
0.9500 0.0500 0.6300 16.0300 0.5795
0.9500 0.0500 0.5600 17.3600 0.5814
0.9500 0.0500 0.4900 18.6900 0.5836
0.9500 0.0500 0.4200 20.0200 0.5862
0.9500 0.0500 0.3500 21.3500 0.5892
0.9500 0.0500 0.2800 22.6800 0.5925
0.9500 0.0500 0.2100 24.0100 0.5963
0.9500 0.0500 0.1400 25.3400 0.6004
0.9500 0.0500 0.0700 26.6700 0.6050

Note.In Tables 2 and 3 other parameter valuesware 1.6,r = 0.6,
y = 1.4, andy = 0.85.

Oncey; < 0.9718 holds, debt-holders become responsible for some monitori
wheny =y, and they become responsible for monitoring with higher probabilit
asy; falls. Thus equity-holders shed monitoring responsibilityyass reduced,
but they also lose payments for the states in which they do not monitor. In b
Tables 2 and 3 the former effect is dominated by the latter. Therefag ilvere
not increased (equity-holders did not receive a greater claim on project returi
equity-holders would receive an expected return of lessithan

Relative to Table 2, this effectis more powerful in Table 3 because the probabil
thaty =y; is larger. Hence, for eachy < 0.9718 e/q is larger in Table 3 than in
Table 2.

Clearly, spreading; andy,—with p; and p, fixed—increases the variance of
investment returns. If; andy, are not too far apart (hereyf > 0.9718), equity-
holders will appear to be risk-neutral, as they in fact are. Increasing the varial
of investment returns does not require that any actions be taken to compen
equity-holders for the increased risk they face. But, oncandy, are far enough
apart, increasing the variance of investment returns does require equity-holdel
be compensated, so they will appear to behave in a risk-averse manner. Thu
an external observer who does not take account of the distribution of monitor
costs, the risk aversion of equity-holders will appear to depend on the amoun
risk they face.
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In comparing Tables 2 and 3, in each row of Table 3 we incrgaseeduce
p2, and raisey, to keepy fixed. It is easy to show that this increases the variant
of project returns. As before, witly < 0.9718, this increase in the variance of
project returns requires equity-holders to be compensated with a greater clair
overall project returns.

Our next two examples are designed to explore numerically an issue tha
relatively difficult to explore theoretically: what happens if it is not feasible for th
firm to setd “too low?"2* In particular, we now consider the possibility that

7[Z(0;¥), O;¢] < (36)

holds, at least for some values¥f?*> When (36) does hold, it is not feasible to se
6 =0 and, indeed, there will be a minimum feasible valu@ ofvhich we denote
by 6. It is easy to show that satisfies®

m[Z(0;9). 0, ¥] + 0y =r. (37)

When (36) holds, borrowers will seek to maximizg€e; ) subject tod > 6.

Parenthetically, our analysis bears on the issue of the use of CSV model
study “credit rationing.” In standard CSV models—with a single type of investme
opportunity—credit is said to be rationed whes & < «q (the potential demand
for credit exceeds its supply), and wha: z(0; /), so that it is impossible for a
borrower who is denied credit to alter funding contract terms in a way that raises
expected return to alender. (See Gale and Hellwig, 1985; Williamson, 1986, 1¢
or Boyd and Smith, 1997, 1998a for a discussion of this kind of credit rationin
Here, however, it is always feasible for a borrower to offer an expected rett
of at leasty, so credit can never be rationedlessl — ¢ < «g and the expected
return to a lender is bid abovg In this situation, it is apparent that =0, so
credit can only be rationed when borrowers are driven to a corner with respec
their investment choices. Moreover, in order for it to be feasible for borrowers
obtain credit in this situation, it is necessary thdk(0; v), O; ] > §. Thus the
conditions under which credit rationing can be observed will be far more string
in CSV models with multiple investment opportunities than in CSV models wi
only single investment opportunities.

The analysis of this section also raises the possibility that it is not feasible fc
firmto be 100% debt financed. Suppose, for example, that firms are prohibited fi

241t is not feasible for the firm to choose a particular valueddf, at thaté, it is not feasible to
deliver an expected return of r to a lender.

25 Obviously if (37)fails to hold for some valueg: > w/4, it will fail to hold only for relatively
small values of).

26\When (36) holds, it is easy to show that (37) has a unique solatier(0, r /9). Also, if there is
no interior optimumg@* = 9 andz* = z(9; ¥) hold.
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TABLE 4
Solutions for Example 3

W z* 0* z
0.76 0.1061 0.4991 0.9842
0.80 0.0999 0.5014 1.0044
0.85 0.0932 0.5039 1.0336
0.90 0.0873 0.5060 1.0691
0.95 0.0821 0.5079 1.1156
1.00 0.0775 0.5095 1.1869
1.01 0.0766 0.5098 1.2088
1.02 0.0758 0.5101 1.2375
1.03 0.0750 0.5104 1.2877
1.04 0.0741 0.5107 —
1.05 0.0734 0.5110 —
1.06 0.0726 0.5113 —
1.07 0.0718 0.5115 —
1.08 0.0711 0.5118 —

Note.w = 1.5, = 1.4, andr = 0.75.

issuing liabilities that offer state-contingent repayments in nonmonitoring $tate:
Then firms are constrained to issue only debt. It is straightforward but tedious
show that 100% debt finance is infeasible undey (not just an optimal) debt
contract if (36) and

F+payG(r) >y (38)

hold for somen with y, <r. We will consider an example where these condition:
are satisfied.

Our next example examines what happens whenf@B)for relatively “low”
values ofyr, but holds at higher values gf. We then turn to an example where
(36) holds for alkyy > w/4.

ExampLE 3. For this example we set=1.5, y=1.4,r =0.75, and we vary
¥ from 0.76 to 1.08. The results are reported in Table 44or1.04, it becomes
infeasible to seff = 0 (there is no nonnegative solution e z(0;v)). Thus, in
a single investment opportunity world, there would be a severe discontinuity
¥ = 1.04. However, with two investment opportuniti®$,andz* = z(6*; ¢) vary
continuously withys, even ag) rises above 1.04.

For these parameter values, the upper bounddfis r/y=0.5357. Thus,
the unobservable return investment technology will always be used, and inde
Eq. (14) implies that* <r /¥ will always obtain—no matter how largg¢ is—
wheng(0) = 0 holds, as it does here. Thus, even for monitoring costs which wou
make the use of technology u prohibitively costly if technology u were the only ot

27Such restrictions against equity-like securities are not unknown historically. See, for instan
Bencivenga and Smith (1991).



300 BOYD AND SMITH

TABLE 5
Solutions for Example 4

v 9 6" €/q
0.76 0.8592 0.8776 0.9976
0.85 0.8620 0.8778 0.9978
0.95 0.8643 0.8780 0.9981
1.05 0.8661 0.8782 0.9983

Note.w = 1.5,y = 1.4,r = 1.2315

available, technology u can still be used—quite extensively, in fact—when te
nology o is utilized optimally. This again serves to illustrate the potential gai
associated with the use of technology o to reduce costly monitoring.

ExamPLE 4. This example is identical to Example 3, except that1.2315.
For this value of, (37) holds for alky > w/4, so that it is always infeasible to
setd =0. Table 5 reports the minimum feasible valugaforresponding to each
value ofyr; obviouslyé increases withy. Table 5 also reports the optimal value
0* corresponding to each. Evidently, even though the set of feasible valueg of
is fairly small, we continue to have an interior optimum.

If pp>2/3 andy; < 1.2315 hold, then (38) holds along with (36) for this ex-
ample, and for all valueg > w/4. In this case it would not be feasible for the
firm to be 100% debt financed usiagykinds of debt contracts. Thus, under this
parameter configuration, it is essential that the firm be permitted to issue liabilit
with state contingent payments in nonmonitoring states; if it were unable to do
it could not operate at all. And, obviously, an optimal contract involves the fir
using equity finance very heavily.

5. CONCLUSION

We have examined an environment in which risk-neutral firms must obtz
external financing for capital investments. There are two investment technolog
available; one with a high expected return that is subjectto a CSV problem, and
with a lower expected return, but for which project returns are fully observable. \
have characterized the firm’s optimal utilization of each investment technolo
and described conditions under which the observable return technology will
employed more heavily as the costs of state verification rise.

The optimal contract between a firm and the agents who finance it specifie
repayment schedule that is a piecewise linear function of all the project retu
that can be observed by outsiders. This contract can be supported by having
firm issue an appropriately selected— and determinate—amount of external
and equity. The amount of equity issued depends on the composition of the fir
investments, on the costs of state verification, and on factors—such as the dist
tion of returns on technology o—that are irrelevant to the allocation of resourc
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The debt issued by a firm in this world is identical to the debt issued (by whol
debt-financed firms) in standard CSV models. The equity issued makes exte
equity-holders true residual claimants; equity-holders receive some fraction
project returns less payments to debt-holders. In nonmonitoring states paym
to equity-holders are a function of the return on technology o alone, which is
course the only return they observe in such states. In monitoring states eqt
holders receive potentially complicated repayments, which are a function of
returns on both technologies o and u. Finally, the claims held by inside equi
holders yield managerial compensation that is broadly consistent with existi
empirical evidence. Specifically, management will not generally be induced
maximize shareholder value, and management may hold a small fraction of
firm equity—even though the incentives generated by managerial equity owners
may be large relative to other components of managerial compensation.

Our numerical examples indicate that the optimal debt—equity ratio for a fir
will typically fall as the costs of state verification increase and as technology
becomes morerisky (for a given valueigf A further examination of the generality
of these properties is an important topic for future investigation. Another su
topic would involve extending the model to allow inside equity-holders (proje
owners) to contribute some internal finance for their own projects. The exister
of internal finance will typically alter any firm’s optimal ratio of debt to equity.
The relationship between internal finance and other dimensions of a firm'’s cap
structure is also deserving of further consideration.

A particularly important extension of this study, and one that is undertaken
Boyd and Smith (1996,1998b), is to embed the analysis of this paper in a dyna
model that allows for the possibility of economic growth. By modifying the mode
in this way, itis possible to investigate two issues of central importance in econor
development: how does the level of activity in debt and equity markets evolve as
economy develops, and how does the composition of investment change as ca
is accumulated? The results obtained by Boyd and Smith (1998b) suggest
economic growth will typically be accompanied by an increasingly heavy relian
on equity markets, and by an increased use of the observable return investr
technology. The former result is strongly supported by observation.

Several of these results are deserving of some additional discussion. For
ample, the determinacy of the debt—equity ratio in this environment depends
the assumption that there is a positive césf for the establishment of additional
corporations. In particular, F = 0 were to hold, there would not be a determinate
equity ratio. To see this, note that in the absence of a cost to creating (fictitio
“new firms,” a borrower could create one firm utilizing only the observable retul
technology, and could sell a set of equity claims against it (raififg in the pro-
cess). These proceeds could then be invested in a second firm, which operate
unobservable return technology. The second firm would be entirely debt-finan
(as a conventional CSV firm), and would issue debt with a valug-ef0y/r).
The resultis an equity ratio, for the two firms togethef 9frq. At the same time,
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the equity ratio described in Eq. (28) would continue to constitute an equilibrit
for the firm. Thus the equity ratio would not be pinned down by the model.

The firm’s indifference between these two strategies (or between any con
combinations of them) depends crucially on the absence of any costs to the cre:
of an additional entity against which equity claims can be sold. With any positi
costs of doing so, a borrower will strictly prefer to operate a single firm. Then, sir
debt-holders must be prior claimants, any given borrower will have a determin
ratio of debt to total liabilities. Since we think it implausible that the spin-off
new corporate entities is completely costless, we also believe that the factors
have described are adequate to deliver a determinate ratio of debt to equity.

Of course, while equity-holders in this environment are residual claimants, tt
do not perform another function of real world equity owners. In particular, the
exercise no control rights over firmsHowever, a generalized version of our
analysis—maodified to allow for the presence of additional managerial incent
problems—is likely to suggest that the appropriate sale of debt and equity
outside investors provides inside owner/managers with a strong set of performe
incentives. Indeed, our owner/managers are compensated—after external dek
equity-holders are paid—in a manner that is strongly related to firm performar
Thus a combination of debt and equity that is sold to address a CSV problem r
only require minor modifications when other managerial incentive problems
added to the model.

We now conclude by discussing the relationship between our analysis of f
financial structure, and some other contributions to this and related literatures
Chang (1987) considers the optimal liability structure of a firm which Haed
investment composition that yields a partially (freely) observable and a partic
unobservable (observable only at a cost) investment rétu@hang then shows
how an optimal contract can be supported through the issue of something like
and equity, although Chang gives a somewhat different interpretation than we

to the composition of debt and equity finance.

A comparison of our analysis with Chang’s will quickly illustrate the importanc
of allowing the firm to endogenously choose the composition of its investmer
For example, Chang’s formulation—wiglfixed—yields the result that an increase
in monitoring costs will typically lead to an increased use of debt (see our Pro
sition 1.f). This is both counterintuitive, since debt is the “monitoring intensive

28 5ee Aghion and Bolton (1992), Dewatripont and Tirole (1994), and Fluck (1998) for an analysis
firm liability structure that is based on control rights and incomplete contracting. These papers deriv
optimal interior debt—equity ratio, although they do not necessarily consider the complete spectru
possible contracts, as we do. Boot and Thakor (1993) emphasize the informational aspects of del
equity, as we do, although their analysis is predicated on the existence of informational asymme
affecting the providers of external finance.

29That is, Chang exogenously fixesln one section of his paper, Chang briefly considers the cons
quences of allowing a firm to alter—at some cost—the composition of observable versus unobsen
returns. However, Chang derives no results about the firm’s optimal choice of this composition, an
gives no results about how the composition of debt and equity finance varies with parameters in
case.
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liability in Chang’s framework, and it carries other undesirable implications. |
particular, when incorporated into a growth model (see Boyd and Smith, 1998
Chang'’s formulation would then imply that debt is more heavily—and equity le:
heavily—utilized as an economy develops. Such a result is clearly contrary
observation. Moreover, Chang'’s interpretation of debt issues allows for the p
sibility that payments to debt-holders be contingent on firm performance, e\
in nonmonitoring states. This is inconsistent with conventional interpretations
debt.

Seward (1990) also considers an environment with two investment technc
gies, with one being subject to and one not being subject to a CSV proble
Furthermore, Seward allows the firm to choose the composition of its investmel
as we do. Thus Seward’s analysis is superficially very similar to ours. Howev
what Seward actually showss that thefirst best allocatiorof investment—the
allocation that would obtain undeero verification costs—can be supported by
employing a contract that resembles the use of debt and equity finance. This is
very surprising. From a technical perspective, however, Seward does not cons
the possibility that the firm might (and generally should) alter the compositic
of its investment relative to that in a frictionless environment in order to redu
the level of its expected monitoring cogtObviously, this is the essence of our
analysis.

Finally, an issue that is somewhat related to that we consider is the use
collateralized debt in borrowing/lending or insurance relationships (Besanko &
Thakor, 1987; Lacker, 1998). In our analysis, returns on investments in technol
0 may—on the surface—appear to serve a role similar to collateral in various d
arrangements. However, as Lacker shows—in an environment like ours, with ri
neutral borrowers—collateral is useful only if it is valued more highly by th
borrower than the lender. This is not the case here, which indicates that eq
finance plays a role beyond that played by collateral in other contexts. EqL
finance permits the optimal smoothing of verification costs across states, as \
as permits an economization on general monitoring costs.

APPENDIX

A. Proof of Lemma 1

(a) Fix0, R(w, ¥n), X(yn), andA(yn);n=1, ..., N. Assumption (a.1) implies
that increases inalways raise the value of the objective function. Moreover, sinc
constraints (1) and (2) are in “per unit borrowed terms,” these are unaffected
increasingi. Finally, it is easy to see that increasesi jrceteris paribus, relax
constraint (3). Thus, at an optimummust be as large as possible.

30This is not what the text of his paper purports to show.
31seward also assumes that the two investment technologies have the same expected returns.
environment, that would obviously lead@d = 1, and to 100% equity finance.
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(b) Fixi =q andé. Fory # vy, fix R(w, y), x(y), and A(y). It is evident that
feasibility requires that

n _9 n
A [0, X000, (A1)
Now suppose that
0. X0R=00) ¢ gy, (A2)

Thenitis possible to chand®(w, yn), X(Yn), andA(yy,) in a way that satisfies (1)—
(3), while reducing the set of monitoring states wiyeay,,. (See Gale and Hellwig,
1985, or Williamson, 1986, 1987, for a constructive proof of this assertion.) Sir
areduction in the set of monitoring states always raises the value of the borrow
objective, (A.2) is inconsistent with an optimal contract. Moreover, this is true f
aln=1,...,N.

(c) Fixi =q, 0, andA(y,) as in part (b) of the lemma. In addition, fgr£ vy,
fix R(w, y) andx(y). If R(w, Yn) <8¥n + (1 — 6)w holds for some subset éf(y,)
which occurs with positive probability, then it is possible to rd&e, y,) on this
subset and to reducqy,) in a way that satisfies (1)—(3). (Again, see Gale an
Hellwig, 1985, and Williamson, 1986, 1987.) Part (b) of the lemma implies th
reductions irx(y,) reduce expected monitoring costs and hence raise the value
the borrower’s objective function. Thi&w, yn) < 6y, + (1 — 0)w is inconsistent
with optimality, establishing the result.

B. Derivation of the Problem (P)
Lemma 1 implies that the borrower’s problem can be reformulated as maxirr
ing
[09+(1—60)—rla—y ) paG(zn)
n

subject to

Zn

> o [103+ (@~ O)ulglu) du

n 0

+ Z PnX(Yn)[1 — G(z3)] — ¢ Z PnG(z0) =T, (A3)
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wherey =y/q is the cost of monitoring, relative to the size of the investmer
project. Now rewrite Eq. (A3) as

> Puo¥iG(a) +(1-6) Y pn [ wow)du
n n 0
+ ) paX(Yn)[L — G(z)] — ¥ Y paG(z0) =T. (A3)

Adding and subtractind” pn6yn[1 — G(z,)] from the left-hand side of (A3, we
can reformulate the borrower’s problem as choosied0, 1] andz, € [0, w], n=
1,..., N, to solve the problem

max8y + (1 —6)d —1 — ¢ Y paG(zn)

subject to (6).

C. Proof of Lemma 2

(a) Suppose to the contrary that> z(0; ), for somen. Then, holdingd
fixed, replacez, with z(9; ) in the problem P). This increases the value of the
objective function and it relaxes constraint (6). But this contradicts the assumpt
thatz, > z(9; v) is optimal.

(b) z(8; v) satisfies the first-order condition

(1-0){1—G[z(6; ¥)]} — va[z(0;¥)] =0 (A4)
and the second-order condition
(1—0)9[z(0; ¥)] + vd'[z6; ¥)] > 0. (A5)

Then the implicit function theorem guarantees the differentiabili@(f+); and
differentiating (A4) with respect t6 yields

{X—-0)9[z(0; ¥)] + v [z(0; )} 22(6; ¥) = —{1 - G[Z(0; )]} < 0. (A6)

(A5) and (A6) imply thatz;(9; v) <0, so thatz(9; v/) < z(0;+) holds, for allg.
This establishes (b).

D. Proof of Lemma 3

From Eq. (11), clearly

w[z(r/9;¥), 1/, ¢¥] =0. (A7)
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As is apparent from (10) (0, 6; v) = O, for all (¢; ). Thus

2(r/y;¢) =0. (A8)

For all® > r/$ no monitoring costs are born. Then, since>"y, for6 >r/y
the borrower’s objective function in (P.1) is strictly decreasin@.ithus® <r/y
at an optimum.

E. Proof of Lemma 4

The derivative of the objective function in (P.1)§is- w — vg[z(0; ¥)]z1(0; ).
Sincez(r/¥; v) = 0, the left derivative of this function &= r /¥ is given by the
left-hand side of condition (a). If this is negative, cleatly r /§ holds. Similarly,
since z(0;¢) = Z, the right derivative of this function & =0 is given by the
left-hand side of condition (b). If this is positive, cleaély- 0 holds.

From equation (18),

z(r/9s%) = =Y+ z(r /%), v /9 ¥ 1}l z(r /9, ), 1 /9, ¥]

= —{¥ 4+ m2(0,r/9;9)}/m (0,1 /¥ ¥). (A9)
Now
m1(z,0;9) = (1-0)[1 - G(2)] — v9(2) (A10)
and
72z, 0, ¢) = —2[1 - G(2)] - fz wg(w) dw. (A1)
0
Thus
m1(0, /Y 9) = (Y —1)/Y — v9(0) (A12)
and
m2(0,1/9;¢) = 0. (A13)
Therefore
z(r/y;9) = =Y/ —r)/9] — ¥9(0). (A14)

Substituting (A14) into condition (a) and rearranging terms yields equation (1
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Similarly
m(Z,0;¢) = 1-G(2) — vg(2) (A15)
and
72(Z,0;¢) = —Z[1 — G(2)] — / wg(w) dw. (A16)
0
Therefore

z

z(0;9) = — { y-71-G(2)] - / wg(w) dw }/[1 - G(2) - v9(2)]. (AL7)

0

Moreover, the expected return constraint (11) implies that
Z
1 -G+ / wg(w)dw =r + ¥ G(2). (A18)
0
Substituting (A18) into (A17), substituting the result into condition (b), and rea

ranging terms yields Eq. (15).

F. Proof of Lemma 5
(a) Differentiating Eq. (17) yields

{walz(e": ¥z1a0™: ) + v g 20" ¥)2a(6" VI T (V)
= =gz )20 ¥) - vol2(0"; ¥)]212(0": ¥)
—vg20" ¥ 26" ¥)20" ¥). (A19)

The second-order condition for the problem (P.1)—Eq. (19)—implies that the te
multiplying T'(y) on the left-hand side of Eq. (A19) is positive. Therefore, sinc
—g'(-) < 0, T'(¥) > 0 holds iff (21) is satisfied.

(b) Itis obvious from (17) that,(6*; v) < 0. Moreover, Eqg. (11) implies that

2(0%;¥) = —m3[2(0%; ¥), 075 1 /ma[2(0%; ¥), 0% ¥ (A20)
The assumption that credit is not rationed implies that

m[z(0%; %), 0% 4] > 0 (A21)
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(see Fig. 1), while from (10)
m3[z(07; ¥), 075 ] = —G[z(0"; ¥)] < O (A22)
Thus, z,(6*; ¥) > 0. Therefore, it follows from (a.3) that (21) is satisfied if
212(0%; ¢) < 0.
Differentiating Eq. (18) with respect th gives

212(0; ) = —[mas(—)/ma(=)] — [a1(=)/ma()] 22(0: )
— 20, Y){ma(-)22(0; ¥) + mia(=)}/m(=). (A23)

Itis straightforward to verify that,3(z, 6; ¥) = 0. Moreover, if we evaluate (A23)
atd = 0* and use (A20)—(A22), it is apparent tras(0*; v) < 0 holds iff

=21(0%; Y)[r13(=)/m3(=)] = [m11(=)/ma(H)]} = —m21(=) /(). (A24)
From (A10), (A11), and (A20) it follows that

[13(=)/73(=)] = [712(=) /72 (=)]
= 0(2)/G@)+{(1-6"9(D+vg (D}/{(1-6[1-G(2)] - v9(2)} (A25)

and
—121(=)/m(=) = [1 — G(2)]/{(1 - 07)[1 — G(2)] — v9(2)}, (A26)

wherez = z(6*; y). Substituting (A25) and (A26) into (A24) then yields that
212(0*; ¥) < 0 holds iff

~z1(0%; Y )L - 69)9(2) — v9(2)* + Gy g (D) = G(I[L - G@)]. (A27)

Now substitute (17) into (A27). Upon rearranging terms we obtain th
732(0*; ¥) < 0 holds iff

(@ — I —0%) —¥9(2) + v G(D[9(D/9(D]} = v GC(I[1 — G(2)]. (A28)
Sinced* < r /¥ holds, obviously a sufficient condition for (A28) is
(@ — Y —r)/91 — valz(e™; ¥)I} = ¥ G(2)[1 — G(2)]. (A29)

Moreover,G(2)[1 — G(2)] < 1/4 holds, yielding Eq. (23).
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G. Proof of Proposition 1
(a) Rewrite Eq. (27) as

re/q = 09(1 — G[z(0; )]}
2(6;9)
+30p [ 30+ A= 0)w — (L= 0)200; Wlgw) du

0
—YG[Z0; V)] + ) pa¥ GLI(O, Yn; ¥)]
J(0.Yn:¥)

-3 pn f [6Yn + (1 — 0)w — (L — 0)2(6; ¥)]g(w) dw
n 0

2(0;%)
— 05 — (1 — 0)2(6; ¥)GL2(0; ¥)] + / (1 — 6)wg(w) dw
0

—¥G[ZO: )] + D paGLI. yn; ¥)]

J(0,¥n:¥)

“Ym [ W+ @ 0w - (@-0)200; o) du. (A30)
n 0

Equation (9) implies that
2(0;y)
09+ [ (@~ o)uwglw)du — (1.- 0)26: ¥)G0; )] ~ wOLz(e: )]
o) (A31)
Substituting (A31) into (A30) yields
re/q =1 — (L— 0)2(6; )

USRI SIS B ST R OL
n n 0

+ > pall— 0)[2(0: ) — (0/(1 — 0)Yal GLI(O, Yn; V)]
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=1 —(1-0)20;¥)+ Y pa¥G[IO, Yn: ¥)]

NCR )]
~Yem [ @a-ougu)du
n

0

+ D Pa(L—6)I(@, Yn; ¥)GLIO, Yo VI, (A32)

where the last equality follows from the fact thato, y.;v) = z(0;v)—

[0/(1 — 0)]yn holds iff (0, yn; ¥) #O.
Now observe that, by definition,

(0, Yn:¥)

> PCLE. i~ Y Py [ (- Ougw)du

0

+ D Pa(l—0)I(O, Yn; ¥)GLIO, Yn; V)]

= Pl =036, Yni¥) = D Paw[I6, Yo ¥). 6501 (A33)

Substituting (A33) into (A32) we obtain

(r/ae=r—>" pa(L—0)[2(6; ¥) =IO, Yo; V)] — Y Pa[I (6, Yo %), 65 V1.
" " (A34)

But this is Eq. (28).
(b) ClearlyE is differentiable iff J(0, yn; ¥) is differentiable for alh. J(0, yx;

¥) is differentiable for alh iff [(1 — 6)/0]z(0; ¥) # Y, holds for alln.
(c) Define the correspondent&(d; vr) by

M@;y) ={n=1,..., N:J(®, yn; ¥) =0}. (A35)
Then write that

T/DE@¥)=r— > pa(l—0)z6;¥)

neM(@;v)
— D pa@=0)ZO;¥) — IO, i ¥)]
n¢M(6;%)

- Z P [J (6, Y ¥), 6; V]
ngM(©;9)
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=r— Y p(-0)Z6:¥)— Y Opayn

neM(é;v) ngM(@;y)
— > P3O, yaiv). 0¥ (A36)
ngM(0;v%)

Then, at points of differentiability,

(/DELO:¥) = D pal20:9)— L =0)z@:¥)] — Y Pavn

neM(@;v) n¢M(©;9)

— Y pomlI, Yoi ¥). 0; Y1 (0, Vi V)
n¢M(9;v)

— > Pl IO, Yoi ¥), 6; 9]
ngM(0:y)

= Y plzO:¥) - L—60)z@: )]~ D P
neM(@;v) ngM(0;v)

— > pam[IO. yos ). 0; Y10 ) — (1 — 6)Pyn)
ngM(0:v)

— Y PO, yor v). 0 ¥ (A37)
ng¢M(6;v)

Case 1. Suppose thal is large enough so that
(1 —6)/6]2(6; %) < ¥n (A38)

holds, for alln. Then E is differentiable, andM(9; ¥)={1, 2,..., N}. Thus

E1(6;4)>0 holds if z(6;¢)=<0. But z(r/y;¢)=—{y+72(0,r/¥;v)}/
m1(—)=—9/m1(—) < 0. Thus (A38) and,(9; ¥) < 0 hold if 8 is sufficiently close
tor/y. It follows thatE; (9; ) > 0.

Case 2. Suppos@ =0.Thenwehavd (0, yn; v)=2(0;y) > 0,thatM(0; v) =
¢, and thatE is differentiable. Moreover, evaluating (A37)@t& 0 gives

(r/@)E1(0;¥) = =9 — m1[2(0; ), 0;4]21(0; )
+m1[2(0; %), 0; 91y — m2[2(0; ), 0;¢].  (A39)

In addition, Eq. (18) implies that

—21(0; ¥)m1[2(0; %), 05 ] = ¥+ m2[2(0; ), 05 ]. (A40)
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Substituting (A40) into (A39) yields

(r/EL0;¥) = ma[z(0;%),0;¢]y > 0.

ThenE;y(0; v) > 0 for 6 sufficiently near zero follows from continuity.

(d) E(r/¥;¢)=q follows from the fact thatz(r/y;v)=J(r/¥, yn; ¥) =0.
E(0;¢) = 0 follows from the facts that(0; ) = J(0, yn; ¥) and thatr[z(0; v),
O;y]=r.

(e) If z1(0; ¥) <0 holds for someq, v), and if E is differentiable at that point,
Eq. (A37) implies thaE4(0; v) > 0 holds if

— > pemlI@. yai ). 05 ¥1{z(0; ¥) — (1 0) "y}

n¢gM(0:y)
— > PamlIE Vi ¥) 6v]— Y Pa¥az= 0. (A4l)
n¢M(;v) n¢M(0;y)

Moreoverzi(6; %) < 0, z(0; ¥) = J(6, Yn; ¥)foralin¢ M(0; ¥), andry1(—) <0
imply that (A41) holds if

— > pmlz0;¥). 6 vzl ¥) — (1-6) "y}

n¢M(9;v)
— D Pl Vi), 0¥ — Y pa¥a=0.  (Ad2)
ngM(0;y) ngM(0:y)

Equation (18) implies that

—m[2(0; %), 0;¥122(0; V) = + 72 2(0; %), 0; Y]

Substituting this expression into (A42) yields the equivalent condition
9 Y Pt Y (1—60)Ppamlz(0; ). 0; ¥y
ngM(9;v) ngM(e;v)

— Y Pl IO, yoi ), 05 9] — mal2(0; ), 05 9]
ngM(0;y)

- > P¥a=0 (A42)
ngM(6;v)

Now (A42) holds if

92( > pnyn)/ > (A43)

n¢M(9;v) ngM(0;¢)
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and
Y (= 0) a0 ¥), 05 ¥y
n¢gM(0;¢)

— Y (el Yai ¥). 6;¥] — w265 ¥). 6; 9]} = 0 (A44)
ngM(0:v)

both hold. (A43) must be satisfied, sinn& M (9; v) holds only for “smaller”
values ofy,. ThusE(6; v) > 0 holds if (A44) is satisfied.
From (All)

S S

—72(s,0; %) = s[1 — G(s)] + / wo(w)dw = S—/G(w)dw (A45)
0 0

where the second equality follows via integration by parts. Using (A45) in (A4
yields

L= 0)2pama[Z(0;¥). 0;¥]yn + Y Pa[IO. Yui W) — 2(6; )]

ngM(@;v) ng¢M(©;v)
z(0;9)
+ > P G(w)dw > 0 (A46)
NEMED) 500 Vo)

as a sufficient condition foE;(0; ) > 0. (A46) is equivalent to

> pa{@—0)2m[z(0:v). 05 y] — [6/(1— 6)]} v

ngM(6;v)
2(6;9)
+ > P / G(w)dw > 0 (A46)
NEMED) 300 Vo)
Since
2(0;v)

G(w)dw > [2(0; %) — IO; ¥)IG[I(O, Yn; ¥)]
J(O.,yn:¥)
=[0/(1—0)G[I(O, Yn; ¥)]¥n

holds, a sufficient condition for (A4pis that

(1= 0)2ml[2z(0;¥), 0;¥] = [0/(1 = 0)]{1 — G[I(O, Yn; ¥)]} (A47)
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hold for alln ¢ M(0; ). (A47) is, of course, equivalent to (29). Sintd — 0) <
0.25, obviously (30) is sufficient for (29).
() If E(0;v) is differentiable atd, ), then differentiating Eq. (28) yields

Ex0;9)=— ) pl—0)206;v)

neM(@;y)

— > pamlIO. Yoi ). 0; Y1 (0, Yoi )
n¢M(@;9)

= ) P3O, yor v). 0: v, (A48)
n¢gM(@;y)

From (A20)-(A22),2x(9; ¥) > O, while J3(6, Yn; ¥) = 22(6; ¥) if (O, Yn; ¥) >
0. Using these facts and (A20) in (A48), we obtain

Ex(0:9) =~ Y. pa(l—0)2:(6:v)

neM(6;y)

+ Y paml (0. yoi ). 0; ¥lms[2(0; ¥). 6; Y] /mal2(0; ). 6; ¥]
n¢M(@;y)

— > poma[I0. yni ). 05 ). (A49)
ngM(6;y)

Now 71[J(—), 0; ¥]/m[z(—), 0; ¥] = 1 holds (sincer;1 < 0), and—m3[z(-), 6;
V] > —m3[J(-), 6; ¥] holds, since(d; v) > J(0, yn; ¥) for all n (see Eq. (A22)).
Therefore each term onthe right-hand side of (A49) is nonpositivie; &g ) < 0.

H. Proof of Proposition 2

z(0; v) solves the equation
1=G(@+v9(2 (A50)
and satisfies the second-order condition
92 +v9(@ = 0. (A51)

Since G(0) + v g(0)=0 when (33) holds, + G(0)+ ¥g(0). Moreover, (A51)
holds forz< [0, w/2), so (A50) has a unique solution in the interval§,2) iff

G(w/2)+ yg(w/2) > 1. (A52)

For the triangular distribution, (A52) is equivalentito> w/4.
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We now show that (A50) has exactly one solution in the interwa w], and
that this solution represents a locainimumof = (z, 0;v). Thus,z(0;v) < w/2,
as claimed.

To establish that there is at most one solution to (A50) in the intemva,(w],
note thatG(w/2) + vg(w/2) > G[z(0;v¥)] + ¥ g[z(0;¥)] = 1 (see Fig. 4).
Moreover, forz > w/2, G(z) + ¥g(2) is nonincreasing irz iff z > w — .
It is therefore the case that any solution to (A50) satisfying w/2 must also
satisfyz > w — v, and that (A50) can have at most one solution in the interv:
(max[w/2, w — ¥], w]. Moreover, there clearly is such a solution, sirce: w
satisfies (A50).

At z = w, of course, (A51) is violated. Therefore, setting- w attains a local
minimum ofx (z, 0;v). Thusz(0; ) < w/2, as was to be shown.
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